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Conservative dissipation shapes symmetry breaking in nonequilibrium currents
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Most natural thermodynamic systems operate far from equilibrium, developing persistent currents and orga-
nizing into nonequilibrium stationary states (NESSs). Yet, the general principles governing how nonequilibrium
driving reshapes probability distributions and breaks equilibrium symmetries remain poorly understood. Here,
we establish a geometric framework connecting dissipation, current organization, and symmetry breaking in
mesoscopic stochastic systems governed by Langevin dynamics. Using the inverse diffusion matrix as a metric,
we derive the general geometric properties of stationary current velocities, employing a small-noise expansion to
obtain further insights on their link to symmetry breaking. We then introduce a nonorthogonal decomposition of
the velocity field into conservative and nonconservative components. The nonconservative contribution quantifies
the violation of detailed balance induced by external driving, while the conservative one measures how the system
reorganizes its internal state space relative to a reference equilibrium distribution. This decomposition naturally
induces a splitting of entropy production and leads to an exact balance relation together with bounds defining
the accessible thermodynamic region of a NESS. We show that the conservative contribution determines how
nonequilibrium conditions amplify or generate symmetry-breaking phenomena, yielding a geometric classifi-
cation of NESSs. We apply the framework to systems ranging from molecular machines to coupled oscillators
and Brownian gyrators, and extend it to multiplicative-noise dynamics, where additional symmetry breaking
emerges from curvature induced by space-dependent diffusion. Our results uncover a general connection between

geometry, dissipation, and emergent organization in nonequilibrium thermodynamics.

DOI: 10.1103/4rsq-ybmk

I. INTRODUCTION

In the natural world, thermodynamic systems are generally
away from equilibrium. This particular state might be caused
by environmental conditions, such as the presence of multiple
thermal baths [1], nonconservative forces [2], and odd diffu-
sion [3], or by internal features, such as energy consuming
many-body interactions [4-6] and chemical dissipation [7].
Under such external conditions, thermodynamic systems de-
part from equilibrium and reorganize into a nonequilibrium
stationary state (NESS). This departure typically involves
two intertwined processes: on the one hand, the emergence
of sustained currents (whether of mass, heat, electricity, or
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molecules) and, on the other, a modification of the system’s
internal state.

Nonequilibrium stationary states can exhibit structural
properties that qualitatively differ from their equilibrium
counterparts. In particular, the presence of currents often leads
to symmetry breaking and the emergence of geometric and
topological order. A simple example is the appearance of
vortices [8] or a preferred direction for heat flow between
reservoirs at different temperatures [9,10]. More broadly,
symmetry breaking has long been associated with dissipation
and self-organization in nonequilibrium systems, following
Prigogine’s concept of dissipative structures [11-13]. Despite
these insights, identifying universal symmetry-breaking prin-
ciples governing NESSs remains an open problem.

The last decades have witnessed the discovery of fluctua-
tion theorems [14—18], universal relations holding arbitrarily
far from equilibrium. The core message of these results is that
nonequilibrium systems break time-reversal symmetry while
preserving a weaker version of it that quantifies dissipation. It
is natural to think that breaking of the time symmetry would
induce symmetry breaking in other aspects of the system,
hinting at the existence of additional universal features.

In this work, we make a step toward the understanding
of these open questions by providing a unified geometric

Published by the American Physical Society
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framework that links the emergence of currents to symmetry
breaking in NESSs. Through our approach, we identify the
features of external nonequilibrium conditions that lead to dis-
sipation and those that contribute to a change in the system’s
internal organization.

A. Outline of the work and summary of the results

We focus on continuous-space mesoscopic systems de-
scribed by stochastic thermodynamics [19], a framework
encompassing well-known, experimentally realizable exam-
ples from molecular machines [2] to chemical reaction
networks [7] and colloidal particles [20].

In Sec. II, we present a general framework based on
Langevin dynamics with additive noise. In particular, in
Secs. IT A and II B, by adopting the (inverse) diffusion ma-
trix as a natural metric in configuration space, we formulate
thermodynamics in terms of the current velocity and a gen-
eralized free energy, also named self-information, revealing
their geometric and thermodynamic roles. In Sec. IIC, we
derive general geometric properties on both stationary veloc-
ity and self-information. To do so, we employ a weak-noise
expansion of the self-information showing that, at the lowest
order, the stationary velocity is divergence-free. At the next
noise order, an additional gradient term appears and breaks the
divergence-free condition, thereby modifying the topology of
the current.

To characterize the connection between geometric proper-
ties of currents and thermodynamics, in Sec. III, we propose
a natural decomposition of the velocity into a gradient and a
residual part. Such decomposition is not unique since it relies
on the choice of an equilibrium reference state. We remark
that this gauge freedom reflects the fact that different physical
mechanisms might drive the system into the same NESS.
However, independently of this choice, the residual (non-
conservative) component measures the contribution breaking
detailed balance, while the gradient (conservative) one re-
flects the system’s self-organization, connected to the relative
entropy with respect to the equilibrium reference state. Fur-
thermore, these two contributions are not perpendicular, but
statistically oriented one against the other. These results lead
to a decomposition of the entropy production, implying that,
at stationarity, its value equals the nonconservative dissipation
minus the conservative one. From these results, we derive
an upper bound for the steady-state dissipation and interpret
the conservative contribution as the energy absorbed from the
environment to reshape the equilibrium state into the NESS.

In Secs. IV-VI, we apply this geometric decomposition
to classify NESS thermodynamics. Specifically, we define in
local equilibrium a system that satisfies generalized Maxwell-
Boltzmann stationary distributions, in which the conservative
velocity is harmonic and the self-information minimum co-
incides with the equilibrium one. If the two minima do not
coincide but the mentioned geometric constraints are satis-
fied, we call the system locally balanced. Further away from
equilibrium, we name locally closed a system characterized
by closed nonconservative fluxes in the trajectory space. In
this last case, we show that the geometry and topology of the
velocity are dependent on the noise strength: the conservative

term can develop thermodynamic fluxes with nonzero diver-
gence, creating repellers and increasing dissipation.

In Sec. V, we extend the framework to multiplicative
noise, where variable-dependent diffusion induces nonzero
curvature in state space, adding “thermophoreticlike” terms to
the velocity and stabilizing high-energy states. In Sec. VC,
we study the underdamped case in a temperature gradient,
emphasizing the role of reversible and irreversible velocity
components in the full phase space.

Finally, Sec. VI shows how our framework could be used
to quantify the thermodynamics of nonequilibrium phase tran-
sitions. We analyze many-body coupled molecular oscillators
undergoing a synchronization phase transition, revealing that
nonconservative dissipation links to control parameters while
the conservative component arises from the order parameter,
shaping a complex velocity geometry reflecting free-energy
transduction.

II. SYMMETRY BREAKING
OF NONEQUILIBRIUM CURRENTS

A. Thermodynamics of self-information and current velocity

In this section, we set the mathematical stage by formu-
lating stochastic thermodynamics in a geometric perspective
using the inverse diffusion matrix as a metric [21]. Then, we
introduce the main actors: the self-information (or nonequi-
librium free energy) and the current velocity [22-25].

We consider a system in d dimensions, whose state is
described by the variable x = (x'), which evolves according
to the Langevin equation in configuration space:

dx—F t 1
S =F®+0), ()

where F is an external drift, which may be conservative (i.e.,
stemming from a potential energy) or nonconservative, and
&(t) = (£/(t)) is a zero-mean Gaussian white-noise process
that satisfies

(E'(0E(1"))e =2D7 8t — 1),
with a given, symmetric and positive-definite diffusion matrix
D = (D"). We write the indices as exponents for further con-
venience and denote by (- - -); the average taken with respect
to the noise. In the present case, the diffusion matrix is inde-
pendent of x; hence, the manifold of the configuration space

is flat. We define the diffusive scalar product a * b between the
two vectors @ = (a') and b = (b') by

axb=aD;b, 3)

where D = (D;;) is the matrix inverse of D = (D). Through-
out the whole article, we use the Einstein convention for
summing over repeated indices, one upper and one lower.
Thus, D™! = D acts as the metrics in the state space, as
already noted in Refs. [21,26]. This geometric structure can be
viewed as a generalization of the factor 8 = 1/kgT, with the
inverse diffusivities entering naturally in the diffusive scalar
product; i.e., the effective length scale along each direction is
inversely proportional to its diffusivity. Then, the derivative of
any scalar field ¢ (x) is straightforwardly defined as 9;¢. Like-
wise, the covariant derivative of a vector field w = (w') is
given by d;w’. On the other hand, the contravariant derivative

ij=1,....d, ()
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of the scalar field ¢ is given by
(V¢) = D"9;9, “

which is often called the gradient of ¢. Finally, we consider
the divergence of a vector field as the covariant derivative
summed with respect to repeated indices, i.e., V x w = w',
which coincides with the scalar product of the gradient and
the field. With this formalism, the Langevin equation (1)
corresponds to the following Fokker-Planck equation for
the probability P of finding the system at time ¢ in the
state x:

P=—-VxFP—-VP)=-V=x], 5)
where the probability current J = (J?) is given by
J'=F'P-D"3P=F — (VP). (6)

Since we do not consider boundary-driven systems for the
time being, we take boundary conditions for which P — 0 for
|x| = oo or for x approaching the boundary of the allowed
state space.

Given a time-independent drift F (x), the system eventually
reaches a stationary distribution, Py, which can be character-
ized in terms of a nonequilibrium free energy F (x) (hereafter
called self-information [25]):

Py(x) occe™ "™ (7

and which satisfies d,P = 0. Then, we define the current ve-
locity v(x, t) via the relation

V=7 ®)

which becomes equal to vy (x) at stationarity. In terms of this
steady current velocity, the stationarity condition takes the
form

Vixvg=vyx VF =V, F. 9

The left-hand side represents the divergence of the stationary
velocity, while the right-hand side represents the derivative of
the self-information with respect to the local velocity, i.e., the
rate of change of F along the current.

Following a standard approach in thermodynamics, we
evaluate the time derivative of the average of a generic ther-
modynamic quantity A(x, ¢) by

di(A) = (v % VA) + (A), (10)
where (- --)
distribution:

denotes the average over the probability

() =/dx e P(Y). (11)

The change induced by the explicit time dependence of A is
due to driving mechanisms, while the one along the velocity
defines the flux of A and emerges by averaging the change
along a single trajectory over the noise [27,28]:

Apux = (0% VA®X)) = (& % VAX))e. (12)

Note that a positive sign indicates a flux from the system
to the environment, and vice versa for a negative sign. As
a particular case, if we consider the system Gibbs-Shannon
entropy Sgys = — f dx P1In P, its time derivative decomposes

into the total and environmental entropy productions that, in
our notation, take the following form [24]:

Ssys = Siot — Senvs

Siot = /deviDi_jvf = (vxv) >0, (13)
S = [ @ PO VD) = (0 F).

B. Orthogonality relations for the velocity

Equation (13) suggests that the velocity plays a more
fundamental, yet underappreciated, role than the current J.
In particular, Eq. (9) implies that, while the stationary cur-
rent is necessarily divergence-free, the stationary velocity is
not. Therefore, we expect vy to exhibit a richer geometric
structure with nontrivial interplay with dissipative thermo-
dynamic quantities that characterize a nonequilibrium steady
state. Specifically, here we show two orthogonality condi-
tions for the velocity field that represent the first steps of
this study. Following Hatano and Sasa [29,30], we start by
decomposing the velocity into two contributions, one reflect-
ing the steady nonequilibrium condition (i.e., adiabatic, v,)
and the other the time-dependent drivings or relaxation (i.e.,
nonadiabatic, v,,):

V=0, + V. (14)

Given the absence of time-dependent driving, these two con-
tributions are given by

vi=vl =F —-DY3;InP,=F + D3, F, (15

v, =—D"3;In £ DY Fex(x, 1), (16)
Py
where we have defined the excess self-information, Fex =
F — Fq, with Fy = —In P;. Thanks to these definitions,
we can rewrite the Fokker-Planck equation solely in terms
of velocity and time-dependent self-information, F(t) =
—InP(x,t):

QF@)+v* VF({)=V *v. (17)

By taking the average of Eq. (17), we are able to connect the
change in system entropy to the average velocity divergence:

Sys = A (F(t)) = (vx VF()) = (V % v). (18)

Equations (9), (17), and (18) show that the divergence of the
velocity field carries a thermodynamic meaning: a positive di-
vergence corresponds to entropy-increasing expansions, while
a negative divergence corresponds to compressions that store
work in the system.

Using the definitions of adiabatic and nonadiabatic ve-
locities [Eqgs. (15) and (16)] directly from the stationarity
condition [Eq. (9)], we obtain that v, and v,, are on average
orthogonal to each other at any time:

(Vg % Vpa) = /dx PviD;jvi, =0, Vi (19)

Equation (19) implies the standard decomposition of the en-
tropy production into adiabatic and nonadiabatic contributions
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as well:
Slot = (‘D * D) = Sa + Snav (20)
where
Sa = (‘D * va) = <va * va) Z 0, (21)
Sna = (V * Vpa) = (Vna * Vna) > 0. (22)

At the stationary state, the nonadiabatic entropy production
vanishes, and thus the adiabatic one yields the total entropy
production:
ost ost
Sty =0, St

n =8 (23)
To derive the second orthogonality condition, let ¢(x) be
an arbitrary time-independent scalar field. From Eq. (10), we

obtain that the derivative of its average is given by its flux:

d
a((]ﬁ) = (V% V@) = dpux. (24)
Since its average is constant at stationarity, we obtain
hx = (Va % V@)™ = 0. (25)

This holds for any ¢ and in particular for the special choice
¢ = F. Therefore, Eq. (25) implies that, at the NESS, the
adiabatic velocity is orthogonal on average to the contour lines
of the self-information:

d
dr
Finally, from Eqs. (15) and (26), the drift F can be natu-

rally decomposed into two (on average) orthogonal parts, one
dissipative, v,, and a potential one, V F:

F=v,—VF. 7)

(F) = Ft = (0, x VA = 0. (26)

C. Characterizing the velocity geometry
with a small-noise expansion

To advance in the general characterization of the geometry
of the velocity field, we need to assume some minimal prop-
erties of the self-information. In the following, we show that
an expansion in the noise strength is enough to find general
properties of the divergence of the adiabatic velocity field.

1. Weak-noise limit

Following the pioneering works of Graham and Tél
[22,31,32], together with recent developments in Macroscopic
Fluctuation Theory [6,33,34], we propose here that there ex-
ists a single noise amplitude o that controls all the elements
of the diffusion matrix, so that in the weak-noise regime,
the stationary probability distribution exhibits the following
limiting behavior:

Py = e 7", (28)

where F©@ is the rescaled zeroth-order self-information,
which also constitutes the large deviation or rate function of
the system. Furthermore, in this context, 7 is a quasipo-
tential that can be rigorously defined and estimated via
path-integral methods [6,33]. From Eq. (28), the adiabatic
velocity is then composed by a contribution from the zeroth
order, ie., v, = F + VF©  where, with abuse of notation,

we identify V! = D'/9;, without the factor o that rescales the
diffusion matrix. By taking advantage of this general form for
the stationary distribution, we uncover the geometrical prop-
erties of the velocity v, in the limit of weak noise, i.e., at the
leading order in o. Plugging Eq. (28) into the Fokker-Planck
equation, expanding up to the zeroth order in o, and equating
terms of the same order, we get two consistency equations at
stationarity (see Appendix A for details):

v, * VFY =0, Vsxv,=0. (29)

The first relation states that v, must be tangent to the quasipo-
tential contour lines, here identified with F©, while the
second one dictates that it also has to be a divergence-free
field. These conditions imply that, at the minimum of the
self-information, the current is zero.

2. Beyond weak noise: An additional gradient term in the velocity

When pushing the system beyond the weak-noise regime,
the properties of the velocities are expected to change.
This scenario is particularly relevant for mesoscopic ther-
modynamic systems in which o can be identified with the
temperature of the bath. Hence, starting from the rate function
in Eq. (28), we consider an additional term in the expansion
of the availability:

1
Fr—FO+F0. (30)

From the decomposition in Eq. (27), in addition to the zeroth-
order term, we obtain a first-order contribution in the form of
a gradient (see Appendix A for details):

v, =00 + o0, (31)
I);O) =F + Vf(o), (32)
v = VFO =VF - VvFOq. (33)

By solving perturbatively for the stationary solution of
Fokker-Planck equation and equating the terms of order o !,
we discover that the zeroth-order velocity is still orthogonal

to the gradient of the quasipotential:
vV %« VFO = 0. (34)

From the terms at following order, oY, we see that its diver-
gence is not zero:

Vol =00 % VFD 4V vFO, (35)

Finally, the conditions emerging at order o determine that the
first-order velocity has a positive divergence:

Vo) =0V« VFD = oV 50l > 0, (36)

thus implying that this term will generate repellers.

By inspecting the average fluxes of self-information, it is
immediate to derive additional geometric properties of the
adiabatic velocity that hold on average (see Appendix A).
First, we find an orthogonality condition for the first-order
velocity:

("« VFO) =0, 37

implying the it is on average perpendicular to the contour lines
of the quasipotential. Second, we can characterize the average
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sign of the divergencies of both velocities:
(V) = —a(V0l") <0, (38)

implying that the first-order self-information decreases along
the zero-order velocity:

(@« vFD) <o. (39)

III. GEOMETRIC DECOMPOSITION OF VELOCITY
AND ENTROPY PRODUCTION

Our aim is to understand how the geometric properties of
the velocity derived in Secs. II B and II C shape the thermody-
namics of nonequilibrium steady states and induce symmetry
breaking with respect to the equilibrium scenario. To this end,
we introduce here an additional decomposition of the velocity
field into a nonconservative component, responsible for break-
ing detailed balance and creating dissipative currents, and a
conservative one, measured as the distance from a reference
equilibrium distribution, which dictates how nonequilib-
rium shapes internal organization and symmetry-breaking
phenomena.

A. Geometry identifies conservative
and nonconservative velocities

A necessary condition for equilibrium is detailed balance
or, equivalently, a vanishing adiabatic current, J, = 0. From
Eq. (27), this implies that the force derives from a scalar
potential, F = V In Pq. In the presence of a single current and
assuming Einstein’s relation, this reduces to the integrability
condition

0iF; = 9;F;, (40)

where F, = (D™'F),.

Away from equilibrium, the orthogonality conditions in
Eq. (25), together with the divergence properties derived in
Sec. II C, suggest a natural generalization of detailed balance.
Specifically, the velocity can be decomposed into two compo-
nents: one that breaks detailed balance and another that can
written as a gradient of a scalar potential and, as such, can be
“reabsorbed” into a reference equilibrium distribution FZ,. By
doing so, we find a decomposition for the adiabatic velocity
into a conservative part (indicated by v.), which is purely
gradient, and a residual part that we call nonconservative (and
indicate by vy):

Vy = Upe + Ve = Ve + VAs (41)
with
. . P, y
v, = —D"9;1n — = DY9;A, 42)
Peq
3 (Djvs) = 8;(Dyv?). (43)

The scalar field A, which we call the availability [35], quan-
tifies the deviation from the reference equilibrium state. This
decomposition is not unique in general, as it depends on the
choice of the equilibrium reference distribution Pe*q' Howeyver,
as we show in the following, physical considerations select a
natural choice—analogous to a gauge fixing—such that A ac-
quires the meaning of the available work that can be extracted

from the system if the nonconservative constraints encoded in
Ve are removed and converges to Py
Py (x)

S! J—
Pe*q X)

S = [ &eRucomn (A0, @4
In Appendix B, we explicitly connect the nonconservative
velocity to the tendency to circulate, thereby breaking a parity
symmetry at the trajectory level. We additionally show that
the conservative component plays a role in selecting open tra-
jectory over their time reversal in a NESS. These observations
provide a link between symmetry-breaking phenomena in the
trajectory space and the proposed geometric decomposition.

B. Geometric decomposition of dissipation encodes external
conditions and internal organization

To show how the above decomposition naturally partitions
dissipation, we consider the dynamics leading to the NESS.
By combining the adiabatic decomposition [Egs. (15) and
(16)] with the geometric one [Egs. (41) and (42)], we notice
that the nonadiabatic component can be naturally included
into the conservative one:

V= Up+ ¥+ vna(t) (45)
= Upc + vc(t) = Upc + V.A(l‘), (46)
with
v.(t) = VA®), 47)
A(t) = A+ Fex(2), (48)

where A(t#) includes both the availability and the excess self-
information and is named time-dependent availability. The
evolution of its average reads

d
77 A@) = @ VAD) + (3. A0)

= (ve(t) % ve(1)) + (vne * VA®)) + (3, A1),
(49)

by using Eq. (47). The first term on the right-hand side is non-
negative and defines the conservative entropy production:

Se(t) = (ve() % ve()) > 0. (50)

The second term represents the availability flux along the
nonconservative velocity.

Using Eq. (49) together with the orthogonality condition in
Eq. (25), at stationarity we obtain

S = —(ne ¥ VA = —(upe % 0)* > 0. (51)
Similarly, we define the nonconservative entropy

production as
Snc = (Unc * Upe) 2 0. (52)

The total entropy production can then be written as
Stol = Snc + Sc + 2(vnc * VA) (53)
Combining this expression with Eq. (51), we obtain our
first main result:
Sst

tot

=85 =S¥, (54)
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which immediately implies the bounds

< SS[

Sior S Sper S < S (55)

This decomposition admits a clear thermodynamic inter-
pretation. When driven out of equilibrium, the system sustains
dissipative currents through the nonconservative velocity v,
which contribute to the energy released into the environment.
At the same time, the system reorganizes its internal state,
modifying its availability with respect to the reference equi-
librium distribution. This reorganization is encoded in the
conservative velocity and gives rise to the term S.. If the
nonconservative component vanished, the dynamics would
reduce to a pure gradient flow and the system would relax
to an effective equilibrium state. Conversely, a nonzero v,
maintains the system out of equilibrium, while the conserva-
tive dissipation Sgt quantifies which part of the injected energy
coming from the nonequilibrium driving is being redistributed
into the internal degrees of freedom to sustain organization.
Equation (51) expresses this accumulation of injected energy
and geometrically constrains the conservative response to be
statistically oriented against the nonconservative driving. This
energetic balance is exactly captured by Eq. (54) that states
that the net dissipation is given by the nonconservative con-
tribution minus the part stored in reshaping the stationary
distribution, for instance, by populating higher-energy states
compared to the reference equilibrium.

The conservative dissipation S can be identified with
the minimum energetic cost Simin required to maintain a
given NESS using nonequilibrium controls, provided that
the uncontrolled equilibrium distribution coincides with the
reference distribution FPg, [36]. Despite this correspondence,

Smin Was introduced in a framework where the dynamics is
explicitly decomposed into an uncontrolled part and a set
of driven transitions, so that the total entropy production
can be resolved into contributions associated with these two
processes. In contrast, our decomposition does not rely, in
general, on such a separation. As discussed at the end of the
paper, extending our framework to Markov jump processes
may help clarify the conditions under which the setting of Ref.
[36] is naturally recovered and whether the combination of the
two approaches yields tighter bounds on the nonconservative
entropy production.

The idea of geometrically decomposing current velocities
and entropy production is not new in stochastic thermo-
dynamics. In particular, Dechant and collaborators showed
that several excess/housekeeping decompositions, including
the Hatano-Sasa [29] and Maes-Neto¢ny [37] constructions,
can be understood by splitting the velocity field into a gra-
dient contribution and an orthogonal residual [38—40]. In
the Hatano-Sasa framework, the stationary state is taken
as reference: the steady velocity defines the housekeeping
contribution, while the excess part is identified with the gra-
dient of the distance between the instantaneous distribution
and the stationary one (in this study, this corresponds to
the adiabatic/nonadiabatic decomposition). Conversely, the
Maes-Netocny construction identifies as excess the minimum
dissipative conservative driving reproducing the dynamics,
while the remaining orthogonal component defines the house-
keeping contribution.

Our decomposition shares the same geometric spirit, but
differs conceptually in two important ways. First, instead of
relying on orthogonal contributions, it separates the dynamics
into a nonconservative component sustaining irreversible cur-
rents and a conservative one quantifying the reorganization of
the stationary distribution with respect to a reference equilib-
rium state. Equation (51) shows that the projection between
the two contributions measures the extractable work required
to maintain the NESS away from equilibrium. Second, it is
not unique. Thermodynamics has been shown to be a gauge
theory, with a prior distribution playing the role of the gauge
choice [41,42]. In this view, thermodynamic potentials are not
uniquely defined. However, physically measurable quantities,
such as the entropy production, are indeed gauge invariant.
Hence, as in other physical theories, such as electromagnetism
and hydrodynamics, in our framework, one can fix a gauge
to make different symmetry-breaking mechanisms transparent
and highlight how dissipative processes contribute to organize
the deviations from different reference equilibrium states.

IV. GEOMETRIC DECOMPOSITION SHAPES
AND CLASSIFIES SYMMETRY BREAKING

We are finally ready to combine the general geometric
properties of a NESS derived in Sec. II and the decomposi-
tion introduced in Sec. III to derive a NESS characterization
scheme that reveals how currents break equilibrium sym-
metries, potentially leading to internal organization. We
introduce and discuss the concepts of locally closed, locally
balanced, and local equilibrium systems. In Table I, we report
a brief summary of this classification.

Let us start from Eq. (9) that dictates the relationship
between the adiabatic (stationary) velocity v, and F in a
generic NESS. In the most general case, we would expect the
divergence of v, not to vanish:

Vv, =v,%x VF #0. (56)

As a consequence, the velocity field would not have a sim-
ple geometry, eventually admitting the presence of sinks and
sources. We call open those systems that exhibit such complex
properties, and their geometry and thermodynamics will be
studied in Sec. IV B.

A relevant class of nonequilibrium systems, however, sat-
isfies a stringent condition on the velocity:

Vxv,=0=v, % VF, (57)

where the last equality comes from Eq. (9). Therefore, the
adiabatic velocity must be tangent to the contour lines of the
self-information, so that the NESS is characterized by closed
fluxes in the configuration space. We name these systems
locally closed, because the stationary probability does not un-
dergo local expansion or contraction along the velocity field,
in direct analogy with incompressible flow in fluid dynamics
[see Eq. (17)]. From the geometric results in Sec. II, we can
conclude that any nonequilibrium system with additive noise
is locally closed in the weak-noise limit, as also remarked
by the last line of Table I. In the weak-noise regime, by
employing the geometric decomposition

10 = v, + 09, (58)
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TABLE 1. NESS characterization. Classes toward the right require increasingly stringent conditions. The first three rows determine the
geometric characterization discussed in Sec. IV, while the last row indicates noise expansion properties (Sec. I1C).

Open Locally closed Locally balanced Local equilibrium
Self-information Vxv,=v,*xVF v, *VF=0 VA=0 Same as locally balanced
Velocity V, = Ve + V¢ Vxv,=-Vxu, Vxv,=0 Same as locally balanced

VF* =0
Ps[ ~ e_]:(o)/c,_]:(l)

Extreme points

Noise expansion

v, =—v; =BVU*
Py < e 70
it =<

Same as locally closed VF*=BVU* =0

Same as locally closed Py =27 le T

vEO) = VA=VFO_ BVU, (59)

we see that there is no a priori constraint on the divergences of
conservative and nonconservative contributions, but they need
to cancel out:

Vxv,=—-V xv.. (60)

Moreover, again from Eq. (57), we obtain that the adiabatic
velocity must be zero at the extreme points of the self-
information, i.e., where Py is maximized:

VFx* ) =VF"=0— v,(x*) =0, 61)

with the short-hand notation X* = X (x*). Hence, for locally
closed systems, both the conservative and nonconservative
velocities and their fluxes need to balance each other at x*,
implying that the nonconservative contribution is also equal
to the local change in the self-information of the reference
equilibrium distribution:

—vp = v, = VA" =VInP, = VU™ (62)

ht

The conditions in Egs. (60) and (62) are very general and state
that any source for the nonconservative flow must be a sink
for the conservative one, and vice versa, together with the fact
that they must have common center/saddles. Furthermore, let
us note that, by using Eq. (41), Eq. (57) is equivalent to a
Poisson equation for the availability where the divergence of
the nonconservative velocity acts as the source term [43]:

VZA= -V % vy. (63)

To interpret Eq. (63), we recall that, intuitively, the Laplacian
measures the local concavity of field, or, more rigorously,
the difference between the field at that point and its av-
erage in a local neighborhood [44]. Hence, how much the
availability concavity deviates from equilibrium is directly
influenced by the nonconservative velocity that reflects the ex-
ternal nonequilibrium constrains. Furthermore, Eq. (63) gives
information on the topology of the velocity field and could in
principle be expanded in multipole moments.

Nevertheless, the condition defining a locally closed sys-
tem contains the great majority of thermodynamic models. To
narrow down the space of possible geometric properties, a nat-
ural simplification from Eq. (63) is to consider the additional
constraint:

VZA=0=V % vy. (64)

This condition amounts to assuming that the availability is
harmonic in the entire phase space. As a consequence, the
equilibrium and nonequilibrium free energies have the same

Laplacian:
VZA=0— V2F =BV2U. (65)

This condition also strongly constrains the topology of non-
conservative velocity field to have no monopole contribution.
We call this class of systems locally balanced. Finally, as a
minimal way of constructing a NESS, we consider an even
more stringent requirement that we name local equilibrium. In
addition to local balance, we impose that the equilibrium and
nonequilibrium probabilities have the same extreme point, x*
[45,46]:

VF* = BVU* = 0. (66)

Itis trivial to show that these conditions are valid for any linear
system, i.e., with F = Ax. From Eq. (60), it follows that both
geometric velocity components need to vanish at the extreme
points:

v =v;, =0. (67)
The combination of Egs. (64) and (66) implies that the mean
value of the availability in any configuration space region
containing an extreme point must be zero. In synthesis, in
local equilibrium systems, the geometry of the velocities is
fully captured by a solenoidal nonconservative and a harmonic
conservative contribution:

(Une)' = 8;B, BY =—B', (68)

(ve) = Doy, 8D7oy =0, (69)
where B is a skew-symmetric tensor and i a scalar potential.
Equations (66), (68), and (69) together signal that local equi-
librium conditions support the existence of a current, induced
by nonequilibrium external conditions, that breaks rotational
symmetry, while not allowing the system to stably occupy
excited states at stationarity. Indeed, as we show in Sec. IV A
with two examples, local equilibrium systems can either oc-
cupy the same state space as in equilibrium, ie., Sy =0,
which we hence call them pseudoequilibrium systems, or
explore excited states via nonequilibrium fluctuations while

having the same minimum as in equilibrium, i.e., Sty > 0.

A. Examples in local equilibrium

Here, we present two pedagogical examples in which the
connection between nonconservative dissipation and parity
symmetry breaking (see also Appendix B) is easy to visualize,
and the possibility to explore excited states can be appreciated
through the exact computation of the availability.
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FIG. 1. Parity symmetry breaking for a driven particle in a cir-
cular potential. (a) A sketch of the model. (b) In the NESS, the
stationary self-information (red dashed curve) coincides with the
equilibrium potential (gray curve). Hence, the total stationary en-
tropy production coincides with the nonconservative one, S, = S5..
The inset shows the steady-state distribution projected in the (x, y)
plane (in color scale) with the velocity vector field on top (a bigger
arrow corresponds to a stronger field). It clearly shows the tendency
to rotate in a preferential direction, therefore breaking parity symme-
try. Model parameters are p* =1, f =1,y = 1,and D = 0.1.

1. Driven particle in a circular potential

Consider a 3D Brownian particle confined on a circle of
radius p* by a (quadratic) potential and driven along the circle
itself by a constant nonconservative force f [see Fig. 1 (a)]. It
is instructive to write the Langevin equations describing this
system in cylindrical coordinates (p, ¢, 2):

D
p=—yp—p)+ > + V2D £, (1),

i=—yz+ V2D &), (70)

with the equilibrium potential U = (y/2)(p — p*)* +
(y/2)z%, the nonconservative force f only acting in the
direction of increasing the angle ¢, and D/p appearing
due to the Ito’s formula for the change of variables. The
stationary solution is found to support a probability flux only
along the angle variable ¢ but, surprisingly, the steady-state
self-information coincides with the equilibrium potential [see
Fig. 1(b)]. Hence, the availability is zero and the stationary
velocity v, = v, = —(f/p)dy, where D4 is the versor
associated with ¢. As expected, v, is a divergence-free
field and indicates that the adiabatic dissipation originates
from cyclic trajectories running across the entire circle in
a preferential direction, i.e., dragging the particle in the
direction of increasing ¢, therefore breaking parity symmetry
(see Appendix F). Yet, the nonequilibrium driving does not
affect the steady-state distribution with respect to equilibrium,
thereby the system does not explore excited states either stably
or through fluctuations.

2. The Brownian gyrator

As a second paradigmatic example, we study a two-
dimensional (2D) Brownian gyrator, i.e., a diffusive particle
in a confining quadratic potential coupled to two reservoirs at
different temperatures, T, and T}, each acting along one direc-
tion [see Fig. 2(a)] [47]. The Langevin equations describing

(a) (b)
| Ust
Ty
| -
»
e
T,
(c) = T
NS
r B\ X—7/| l (Ll \\\\__////// /
N
\

FIG. 2. Parity symmetry breaking in a Brownian gyrator. (a) A
sketch of the model. (b) Steady-state distribution (in color code) with
the adiabatic velocity field on top (larger brighter arrows indicate a
stronger field). (c) Self-information (red dashed curve) and potential
(gray curve) along the line x =y show that excited states can be
explored solely due to nonequilibrium fluctuations. In the inset, con-
servative and nonconservative velocities at steady state are presented
in color code and as a stream plot. Model parameters are u = 0.7,
I, =1,and T, =5.

the system are

X = —3xU(va) + \% 27—:\' x(t)7
y=—=U(x,y)+y21,5,(1), (71)

with & a Gaussian white noise with zero mean and unit vari-
ance, and T, = T;(1 + ). Following Appendix E, we isolate
the interaction part of the potential, Uiy, from the confining
contributions, U, and Uy:

U=Upy+U+U,
o>

5
where u quantifies the asymmetry of the elliptic potential, with
lu] < 1 to ensure stability. As long as 7, # T,, i.e., § # 0,

since the mobilities along x and y are the same, the fluctuation-
dissipation relation cannot be satisfied and the system breaks

U =uxy, Uy= a=x,y, (72)
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detailed balance [48]. The stationary distribution can be ex-
plicitly obtained in the following exact form [49]:

o F

Y1 V2
Py = — F= ,3eff(7x2 + ?yz + M)/3x)’),

where Z is a normalization factor, B = (T'n)~! an effective
inverse temperature, and

2

2
u u
=148+ —5%, =2- =4,
n=1+6+7 i 5
—1+”23 —1+(S
Y2 = 2’ Y3 = 2

The adiabatic velocity is a solenoidal field vanishing in
the minimum of the self-information, making it apparent
that the system exhibits parity symmetry breaking [see
Fig. 2(b)]. The adiabatic vorticity wg = 0x(Va)y — 0y(Va)x,
i.e., the 2D curl of the velocity, is connected to the tendency
of performing closed trajectories and reads (see Appendix F)

_ 4T.u
ALT + (T, — T)?

(12 - T2). (73)

Wst X y
Following the geometric decomposition presented in Eq. (E2),
we have

i
Upe = _aiUinls

vl = VA, (74)
with the availability

x? y?
A = Betrys <(V1 - 2)5 + (2 — 1)m + uxy).

This system fulfills the local equilibrium condition: both ve-
locities are divergence-free, vanish at the self-information
minimum, and flow in opposite directions [see Fig. 2(c)].
As a result, excited states cannot be stably occupied, al-
though transient explorations occur during fluctuations. The
deviation from equilibrium arises because the conservative
velocity induces compensating expansions and contractions
along different directions, even though the total divergence
is zero. The sum of v,. and v, defines the adiabatic velocity
v,, which is a solenoidal field: its circulation does not stem
from a nonconservative force, as in the previous example, but
from the interplay between the potential concavity and the
temperature anisotropy. We remark once again that this geo-
metric decomposition is not unique and considers the external
nonequilibrium constraints as stemming from the interaction
potential Uyy,.

B. Geometric and thermodynamic properties beyond weak noise

The most general case of open system might be more
challenging to analyze through simple examples. However,
from the analysis in Sec. II C2 beyond the weak-noise limit,
it is clear that, in this regime, systems can be open, given
that the divergence of the adiabatic velocity is not constrained
to vanish. In the previous examples, we have seen that the
conservative velocity represents how the system compensates
the action of the nonequilibrium driving, without breaking
additional symmetries. Here, we show that, when the system
is open, the conservative contribution encodes the interac-
tions between the system and the environment, and quantifies

how phenomena breaking additional symmetries emerge by
increasing the noise strength. Starting from Eq. (30), we can
identify 7 as the self-information contribution that vanishes
in the weak-noise limit. Therefore, the velocity stemming
from its gradient can be identified as an additional conserva-
tive contribution:

v, = vgo) + avg”, (75

VO = F 4 VFO = g 4o, (76)
b = VA, (77

v = VFO = vAD = O, (78)

As a first observation, we notice that the divergence of the
conservative velocity gets modified by the effect of the noise
encoded in F:

Vv =Vsx0? 4 ov o, (79)

while the nonconservative contribution stays unchanged be-
cause of Eq. (78). Furthermore, let us remark that, from
Egs. (9) and (17), the stationary probability can now locally
expand and contract; i.e., the flow is compressible, and hence
the self-information can increase or decrease along the veloc-
ity lines. As a result, single trajectories can travel between
different self-information valleys. This substantiates the fact
that, beyond the weak-noise limit, the system is no longer
locally closed since Eq. (57) cannot be satisfied at any order in
o. By means of the geometric decomposition, the geometric
relations derived in Sec. II C acquire a thermodynamic mean-
ing. The conservative entropy production exhibits additional
terms:

Se =80 + 80 +2(0® x vV, (80)
where we introduced

. 1 .
Séo) = —(vgo) * vgo)), Sél) = a(vgl) * vgl)).

By using Eqgs. (36) and (38), it is immediate to realize that the
first-order conservative entropy production measures the flow
of its corresponding velocity:

SO =o(V o) >0. (81)

st

Equation (81) expresses the fact that the interactions with the
reservoir create local dissipative probability expansions that
tend to increase the self-information. From Eq. (A20), ex-
pressing the divergence of v'") from Eq. (A19), and then using
the geometric decomposition for the zeroth-order velocity, we
obtain

(VZAO) = —(V 5 w00 — SO, (82)

This equation specializes Eq. (63) for open systems at the
first order in o. It clearly shows that the deviation of avail-
ability concavity from equilibrium is dictated not only by the
nonconservative velocity, reflecting external nonequilibrium
constrains, but also by an additional conservative entropy
production term stemming from the system-reservoir thermo-
dynamic coupling.
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FIG. 3. Beyond weak noise for a Brownian particle in bistable potential and shear flow. (a) Contour plot of the steady-state distribution in
the weak-noise limit with the adiabatic velocity as a vector field in color code (brighter arrow corresponds to stronger field). The minima of
the equilibrium potential are shown: they do not coincide with the peaks of the self-information, leading to a nonzero availability. We report
both the corresponding conservative velocity as a stream plot in color code and the nonconservative component that coincides with the shear
flow. (b) Same as in panel (a), but for the strong-noise scenario. Notice that the self-information minima do not coincide with the deterministic
solution, and the conservative velocity shows the presence of repellers at (x;, x,) ~ (0.5, 1.8). However, the nonconservative component is
unchanged, since it only depends on external nonequilibrium conditions. Parameters area = 1,b = 1.5,y = 1, and T = 0.1 (weak noise) or

1 (strong noise).

1. Example: Brownian particle in a bistable potential
and shear flow

As an example, we consider a Brownian particle in 2D
immersed in a bath at temperature 7 under the effect of a
double well potential U (x) = ax} — bx? + x3 and a shear flow
f =y (=x2, x1) (by components):

X = —0U + f; + V2T§;. (83)

In the absence of flow (y = 0), the system reaches the equi-
librium distribution Peq ~ exp(=U/T). Conversely, in the
presence of driving, a large-deviation function in the form of
Eq. (28) exists and can be numerically evaluated, as shown in
Ref. [50]. Even if F© is not accessible analytically, we study
the deterministic dynamics through a fixed-point analysis and
perform numeric integration of the Fokker-Planck equation.
In the strong driving limit, i.e., y2 > 4b, the self-information
will have a single minimum in x = 0, while by reducing y,
x = 0 becomes a maximum and two minima appear:

1 [4b—y2 x¥
xf =23 Ty x5 =y3, (84)
where b = b — 6aVar(x;) indicates how the parameters are
modified by the effect of noise through the variance of x|
(the correction is of order T for small temperatures; see
Ref. [50] for details). By studying the system in the weak-
noise limit, we see that the nonequilibrium conditions, i.e.,
the presence of the shear flow, modifies the landscape and
the minima of F become equal to those in the deterministic
limit [Eq. (84)] [24]. They do not coincide with those of the
potential U, so that the system is not in local equilibrium
[see Fig. 3(a)]. As shown in Appendix D, v, coincides with
the shear flow f; i.e., it is divergence-less and, as a conse-
quence, the system falls in the locally balanced scenario. In

Fig. 3(a), we show the stationary distribution and the conser-
vative/nonconservative velocities in the weak-noise regime.
However, when we increase the temperature that controls the
noise amplitude, phenomena appear. The system is now lo-
cally open and exchanges energy with the bath. As such, v, is
not necessarily harmonic, repellers appear in the system, and
the self-information minima do not coincide with the deter-
ministic solution [see Fig. 3(b)]. However, the divergence-less
nature of the nonconservative velocity ensures that the two
conservative contributions balance each other on average; i.e.,
while the system is locally open, it remains globally closed:
(Vo) =8 =—g(Vxol)<0,  (85)

st

where the conservative entropy production measures the en-
ergy flow from the bath to the system. These equalities have
been derived by using Egs. (79) and (82). Therefore, an
increase in temperature generates dissipative expansions of
probability and the system is doing work at the single tra-
jectory level by populating excited states. In summary, the
nontrivial interplay between temperature bath, equilibrium
potential, and energy flow has the effect of rising the system’s
typical energies and increasing the conservative dissipation.

V. GENERALIZATION TO MULTIPLICATIVE
FLUCTUATIONS

A. A velocity stemming from curved geometry

The proposed framework naturally extends beyond the
case of additive noise to the challenging scenario of mul-
tiplicative fluctuations. In general, state-dependent diffusion
coefficients may emerge in a variety of systems, from Brown-
ian motion in inhomogeneous media or constrained on curved
surfaces [51-53] to chemical reaction networks affected by
thermal gradients [54-56] and fluctuating environments [57].
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Moreover, finite-size fluctuations are inherently multiplicative
and important in fluctuating hydrodynamics [58], field theo-
ries [59,60], and population dynamics [61,62].

We start from the following general Langevin equation:

x =F(x)+ G(x)§(), (86)

with & a vector of Gaussian white noises with zero mean and
correlation matrix 201 (the identity matrix), where o controls
noise amplitude. Here, G is a state-dependent matrix; hence,
the total diffusion matrix is D = 0 GT G. When G is diagonal,
this system reduces to the additive noise case. This scenario
extends and generalizes our approach by considering again the
inverse of the diffusion matrix to be the metric of our space,
which can now be curved because of the space dependence
of D (that we assume to be invertible). Following the classic
works by Graham [21,63] and a more recent deep analysis by
Polettini [26], we use standard tools of differential geometry
to recast the Fokker-Planck equation in a fully covariant form
(i.e., coordinate independent; see Appendix C for details).
First, we need to upgrade the standard derivatives to covariant
ones:

Vu' = 0’ + T, (87)

where T is the Levi-Civita connection that encodes the effect
of the curvature on the derivative, while the first contribution
measures the transport in the tangent space (that in a flat
manifold coincides with the usual configuration space). Recall
that the covariant derivative of a scalar field coincides with the
partial derivative. The contravariant derivative, or gradient, is
obtained from the covariant derivative: V/vf = DVV;vk. As
a consequence, the divergence now depends on the diffusion
matrix determinant |D]:
Ul

VIDI

with I'; = 'Y = —8;1In {/[DJ. By defining the invariant prob-
ability Q and the invariant measure dS2, i.e., Q = P./|D|
and dQ2 = dx/+/|D], one can rewrite the Fokker-Planck equa-
tion in a fully covariant form, interpreting the Langevin
equation with the Stratonovich (@ =0) or Ito (¢ =1)
prescription:

BZQ = _ViJi7

Vxov= |D|8i( ) = 9;v' — ', (88)

J'=F'Q—-0oViQ. (89)

In this expression, the force is modified by a term vp that we
call the diffusive velocity:

F'=F' +v,, vj,=D"w;—adGGs", 0)

composed by a vector field @ that measures the breaking of
detailed balance condition on the diffusive force G:

wj = G,Z{(ajGﬁ‘ - 3[G];), o1

and by the Ito phoretic term, GT dG. The vector field @ stems
directly from the configuration space geometry: it vanishes
when G can be written as the derivative of a collection of
vector fields, G} = —9;', that corresponds to the condition
of zero curvature of the metric induced by the diffusion ma-
trix (see Ref. [21] and Appendix C 1). This modification of
the force field directly implies also a change in the velocity
decomposition:

v,=F -VQ=F —VQ+up, 92)

where the diffusive (geometry-driven) velocity emerges.

B. Geometric and thermodynamic properties
of multiplicative fluctuations

In the case of multiplicative fluctuations, equilibrium can-
not generally be reached, making the identification of a
potential energy less clear. Nevertheless, the zero current con-
dition implies the following detailed balance relationship for
the modified force in Eq. (90):

&E; = 0;F;. 93)

It is then trivial to see that, once again, any gradient field
does not break this condition. Therefore, it can be collected
into the conservative velocity and interpreted as a contribution
to a pseudoequilibrium distribution, i.e., a modification of
the internal organization of system’s states. Yet, the diffusive
velocity has a complex structure that makes challenging the
general identification of the conservative and nonconservative
terms, along with their geometric properties. This is mainly
due to the presence of w that introduces cross dependencies
into the fluctuations.

Let us investigate two different scenarios. In the first one,
the diffusion matrix is space dependent, but the diffusive
forces satisfy the potential condition G}, = —d;y/". As aresult,
 vanishes, the geometry is flat, and it is always possible to
find a set of coordinates x' = G~'x (called harmonic) where
the system has additive noise [21,26]. Focusing on the Ito pre-
scription (o = 1), in this simple setting the diffusive velocity
turns out to be a gradient, and thus conservative:

vh = 399 Y0918 87) = vl . 4

Hence, it can be absorbed into the conservative component of
the velocity field and does not contribute to the breaking of
detailed balance [Eq. (93)]. An intuitive understanding comes
from considering a system subjected to a thermal gradient
along each direction, T;(x;) [51,64]. If the gradients cause
independent fluctuations on the system, the diffusion matrix is
diagonal D = GI'G = diag(7T;(x;)) and G;; = 9;¥(x;). There-
fore, the velocity is a “phoretic” term:

vl = —Vilny/|D| = —8* T;(x;)0 = T, (95)
stemming directly from the connection I' and contributing
to the covariant divergence [Eq. (88)]. By considering the
noise expansion for the self-information, we obtain a covariant
version of the equations in Sec. II C 2 with this phoretic term
contributing to the first-order velocity (" = VFU + vy, (see
Appendix C1). As a result, the conservative dissipation up
to the first order in noise amplitude is given by the velocity
divergence in the tangent space:

30, = ol5 % 50) = oo+ 5)

€x,a a st st

= 0. (96)

We can conclude that the system is open and the phoretic
velocity will drive the system to stably occupy “excited”
states. It is important to remark that, in this case, even though
the curvature vanishes, the Levi-Civita connection does not
vanish and directly generates the diffusive velocity. Therefore,
vp plays the role of a fictitious force, arising solely from the
use of a coordinate system in which the metric (and thus the
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diffusion tensor) varies in space. While in Newtonian frames
fictitious forces originate from accelerated or curvilinear co-
ordinates, here they emerge from spatially varying diffusion,
and the effective drift reflects how the local diffusive motion
changes across space.

Let us now briefly discuss the more general case in which
w # 0. This is generally expected to happen when the coordi-
nates exhibit coupled diffusivity or when the diffusion tensor
is nondiagonal, encompassing scenarios such as Brownian
particles in magnetic fields [65], diffusion on curved surfaces
[52], and interacting active particle systems [66,67]. In this
scenario, vp arises intrinsically from the curvature and cannot
be eliminated by a change of coordinates. This is analogous
to a static gravitational field likewise producing thermal gra-
dients according to the Ehrenfest-Tolman effect [68]. The drift
in this w # 0 case contributes simultaneously to conservative
and nonconservative velocities, since the distinction between
gradient and rotational components becomes entangled with
curvature. A precise separation is nontrivial, and we leave this
interesting but challenging problem for future work.

C. Example: underdamped particle in a temperature gradient

In this section, we extend our approach to the case of an
underdamped system in which the multiplicative noise origi-
nates from a temperature gradient. For simplicity, we consider
the following one-dimensional underdamped dynamics of a
Brownian particle in the position-velocity phase space (x, v)
in the presence of a temperature gradient 7 (x):

x=v, o7

o _r,_ 1 1
V= maxU +f+ m\/ZVT(X)é&(t)’ 98)

where y represents the friction, m the mass, f a nonconserva-
tive force even under time reversal, the potential U = ux? for
simplicity, and the diffusion coefficient satisfies the Einstein’s
relation D(x) = y T (x) at each point in space. We can define
the timescale of the friction T = m/y so that the overdamped
limit is attained for t — 0, when velocities equilibrate in-
finitely fast.

The current velocity is now a two-dimensional vector in
the phase space and can be split into a reversible v, and
an irreversible component v;,, according to the behavior they
exhibit under time-reversal operation [69]:

1 f
Vey =1V, —— 0, U(x) + = 1¢,
m m

v ={0.~ Ty - LT@a e vy | ©9)
T mrt —_—
F

At equilibrium, when T'(x) = T and f = 0, the system can-
not support any dissipative flux. Solving the Fokker-Planck
equation associated with the Langevin dynamics without a
temperature gradient, we obtain the equilibrium distribution

m? U@ BE

Peq(x, V) ~e"r —2m = e P, (100)

where 8 = 1/kgT, with kg = 1, and E is the total energy of
the system, as expected.

) P (w,v) (b)

o Self-information minimum
o Equilibrium minimum
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FIG. 4. Geometry of velocities for underdamped dynamics with
thermal gradient. (a) The stationary solution of the underdamped
Fokker-Planck equation up to the first order in 7 is shown [Eq. (102)],
for a linear thermal gradient T (x) = Tp(1 + ax) and a quadratic
potential U = u(x — p)*. Arrows represent the stationary velocity in
color code (brighter arrows indicate stronger field). (b) Comparison
between self-information and equilibrium distribution for v = 0. No-
tice that the self-information along this line coincides with ¢>§to>(x)
[Eq. (102)]. The self-information minimum does not coincide with
the equilibrium one. (c) Stream plot in color code of nonconservative
(reversible) and conservative (irreversible) velocities. In this figure,
the spatial domain is x € [-1/«, +inf] and we set all parameters
so that the probability distribution and its derivative vanish at the
boundaries. The model parameters arem = 1,y = 0.01, u = u = 2,
Thy =1,and @ = 0.8.

In analogy to the two bath scenario discussed in
Appendix E, we define the conservative velocity by fixing
P.q as reference distribution for every point in space, i.e.,
Peqlp—px)- The resulting decomposition is

ve = V(F = BOE) = V. (101)

Unc = Vrev,

A crucial observation to obtain this correspondence is that
only v has a metric term given by the diffusion, as the system
is effectively one dimensional. Therefore, the gradient only
acts on the v space. As said above, this decomposition is
arbitrary, but it is informed (and substantiated) by the physical
decomposition of the velocity into reversible and irreversible
components. As a consequence, the conservative part accounts
for the deviation of the self-information from the equilibrium
condition. It is nonzero and, as such, it allows the system
to stably explore excited stated due to the presence of a
thermal gradient. Conversely, the nonconservative velocity is
divergence-free, contains the nonconservative force pushing
the system out of equilibrium, and also reflects the presence
of fluxes in the full phase space that vanish in the overdamped
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FIG. 5. The geometry of current velocities for coupled molecular oscillators. (a) Pictorial sketch of two coupled molecular biochemical
oscillators. Each oscillator is represented by a phase ¢; € [0, 2] (in shaded blue color) that grows with a constant velocity ke, (solid black
arrows) fueled by adenosine triphosphate (ATP) consumption. Furthermore, oscillators can interact with a phase exchange potential E},(¢12)
depending on their phase difference ¢, = ¢; — ¢, (in shaded red), eventually leading to anticorrelated phase changes (small red arrows).
(b) Stream plot of v? for a typical oscillator with phase ¢, as a function of the collective phase ¥ with the heat map of Py(0,), ) = ¢ —
in the mean-field limit in the synchronized phase. Here, v¢ drives the synchronized oscillations (yellow arrows and light-blue regions, high
probability density) but also indicates that interactions tend to destabilize them (dark blue regions of extremely low probability). (c) Stream
plot of v¢ for two typical oscillators with the heat map of Py (6, 6, ), with ¥ the mean-field collective phase. v¢ tends to reduce the oscillators
phase differences ¢, stabilizing the dynamics and promoting synchronization. (d) Plot of the synchronization order parameter as a function of
the conservative entropy production for different values of Ey. Model parameters are k = 0.5, ¢, = 4w, Ey) = 8, and Q = 1.

limit. Indeed, v acts as a nonequilibrium driving, since col-
lapsing the system into the x space (i.e., fast relaxation of v
leading to the overdamped regime) will result into an effec-
tive equilibrium distribution. When the system is pushed out
of equilibrium by a temperature gradient, the Fokker-Planck
equation can be solved at any time by expanding in powers
of 7, i.e., close to the overdamped regime. Up to the first
order, the time-dependent nonequilibrium solution reads (see
Appendix F for the derivation):

v2

PO, v,t)=e T {q><°> — t[vaxd)(o)

3

myv v v
— 4+ = |004,T + —dPy,U |1,
* <6T2 * T) T

(102)

where ®O(x, 1) = ¢ O (x, 1)/27T (x)/m, with ¢©@ satisfy-
ing the zero-flux overdamped Fokker-Planck equation with
Ito prescription [see Figs. 4(a) and 4(b)], as dictated by the
timescale separation employed [56,70]. First, we notice that
the form of the solution in Eq. (102) goes beyond the weak-
noise regime, thereby showing a peak that is different from
the equilibrium one [see Fig. 4(b)]. In Fig. 4(c), we show
the components of the stationary velocity stemming from this
solution.

VI. GENERALIZATION TO MANY-BODY SYSTEMS:
GEOMETRY OF FREE-ENERGY TRANSDUCTION
IN COUPLED MOLECULAR OSCILLATORS

Our framework is able to provide physical insights in even
more general settings. To present a concrete example, we
now employ it to analyze a many-body system, i.e., a model
of N coupled biochemical oscillators introduced in Ref. [4].
Consider N oscillators, each one with a phase ¢; € [0, 27]
and undergoing a stochastic dynamics that advances its phase.
The resulting phase procession rate is equal to key, where e,
is a typical thermodynamic force driving the system out of

equilibrium, while the fluctuation strength is proportional to
k, a typical microscopic reaction rate. The bath temperature
has been put to 1 for simplicity. Then, we include the possi-
bility that two oscillators can exchange a phase through the
interaction potential, E;; = E(¢; — ¢;) = —Eg cos(¢; — ¢;),
with E, the coupling energy [see Fig. 5(a) for a pictorial il-
lustration]. This system can hence be described by N coupled
Langevin equations:

bi = k 2 4 1

b = ke + i — - (B +&5(0)), (103)

i<j

where 2 is a typical frequency. Here, n; and &;; are two
different zero-mean Gaussian noises, respectively, stemming
from single-oscillator dynamics and generated by interactions
between oscillators, with respective variances:

(nitm;(t"))y = 2k8;;8(t — '),
28
(EjOE()) = W[(Sik(sjl — 8818t —1).  (104)

For the detailed derivation of this model from a microscopic
description, along with its biological motivation, we refer to
Ref. [4]. Let us emphasize that this example goes beyond
the settings presented so far because of the presence of two
different currents (and hence two noise parameters) and we
do not have a natural reference equilibrium distribution. Nev-
ertheless, we now show that our framework is still valid and
indeed illuminates the system phase transition. One can cal-
culate the exact stationary solution of this system and identify
the adiabatic availability as

. F=N"'YEV,

i<j

e_ﬁeff]:

Py = 7

(105)

with Ber = 1 + k/S2 (see also Appendix F for its derivation)
and the total energy plays the role of the self-information.
Given the many-body nature of the problem, a very particular
thermodynamics emerges. First, we notice that Eq. (F16)
is equivalent to N equations describing phase changes, ¢;,
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coupled to N? equations capturing phase differences, ¢;; =
¢; — ¢;. With this splitting, the whole system can be described
using the formalism introduced in Sec. II, but in two different
spaces. First, we identify nonconservative and conservative
velocities associated with the single-oscillator phase change:

= o,
i k
(U?)l _ lgeff

where the gradient is defined as Vj, = k8"9; and the scalar

product is denoted by a - b = k~'a;b'. Second, in the space
of the phase difference, indicating the gradient as V. =

(/N)(8" — 37), we obtain the velocities

¢ _
vnc - keg’

ViF =0 E, (106)

ij Q.
o=t () = - B
ij ii Qﬁ ff i i
(v0)" =ViF= N; Q(E* — ET), (107)

and the scalar product is a b= (Q/N)~"' }_,_;a"b’. The
geometrical picture is very rich and generalizes our previous
results. In each space, there is a nonconservative part that
represents the injected energy, i.e., the adenosine triphos-
phate (ATP) for single phases, where v,. is harmonic and
\7% v®. =0, and the interaction potential for phase differ-
ences, where V, x v¥, # 0. The conservative parts are given
by the derivatives of the self-information in each space, with
the one associated with ¢ representing the energy difference
between oscillators. In this case, the reference distribution for
the phases is the uniform one, and hence F and A coincide.
Finally, both adiabatic velocities have nonzero divergences,
and their values balance:

Vo vl ==V, 50! = kB V3 F. (108)

By performing a mean-field limit, valid for an infinite number
of oscillators (N — 00), one discovers that the system can
undergo a transition from an asynchronous to a coherent phase
by varying the coupling frequency €2 (see the original work
[4] for more details). A plot of the system velocities for two
mean-field oscillators in the synchronized phase is presented
in Fig. 5 (see Appendix F for the explicit expressions). It
shows intuitively that while v? drives the phase of each sin-
gle oscillator to complete a cycle (nonzero vorticity but not
divergence-free), v¥ tends to reduce the phase differences to
zero and hence to synchronize the system (i.e., a multiple
dipole structure emerges akin to a group of charges in an
electric field, zero vorticity). In such a mean-field limit, we
can also compute the average velocity divergence,

(V5 vf), = kBerEor = kBerr(V3F), =0,  (109)
and the various entropy production terms,
i QF 1
S = ke + °<1— )
Bet BettEo
S = QEgr? = —Fa™ > 0, (110)

which contribute to the total dissipation, as for Eq. (54).
Equations (109) and (110) give a complete thermodynamic
characterization of the synchronization phase transition: the
order parameter r € [0, 1] stems from the velocity divergence

(i.e., the availability Laplacian), so that the nonconservative
dissipation correctly quantifies energy inputs (depending only
on the control parameters), as anticipated above, while the
conservative one quantifies exactly the resulting emergent be-
havior, as it originates from the transduction work done by the
oscillators and, as such, is proportional to the square of the
order parameter. This suggests that, in many-body systems,
the nontrivial current geometry, i.e., the divergence of v and
conservative dissipation, reflects the transduction of free en-
ergy from one components to the others, similarly to the view
developed by Hill [71,72].

VII. CONCLUSIONS AND PERSPECTIVES

A. Summary

How order emerges far from thermodynamic equilibrium
remains a far-reaching unsolved problem. In this article,
we shed light on how geometrical and symmetry-breaking
properties of nonequilibrium steady states emerge from the
violation of detailed balance. By focusing on velocities, rather
than currents, we introduce a geometric decomposition that
allows us to isolate the conditions responsible for breaking
the detailed balance (i.e., nonconservative components) from
those associated with system’s internal response to them (i.e.,
conservative components). This decomposition at the level
of velocities reflects into a decomposition of thermodynamic
dissipation as well. By combining this framework with a
small-noise expansion, we propose a classification of NESSs
and show how geometric and thermodynamic properties are
shaped by the external noise. Furthermore, extending these
results to systems with multiplicative fluctuations—a largely
uncharted area—reveals that more complex scenarios can
emerge. In particular, we show that the system breaks both
parity and translational symmetry in trajectory space due to
the presence of an additional phoretic drift. Finally, apply-
ing our ideas to many-body systems with coupled molecular
oscillations reveals the geometric properties of free-energy
transduction and nonequilibrium phase transitions when mul-
tiple currents are simultaneously at play.

B. Toward a thermodynamics of selection
and symmetry breaking

An intuitive understanding of our result might come from
interpreting the onset of these geometrical structures as a
mechanism to cope with the external constraints that keep
the system out of equilibrium. Indeed, the system selectively
dissipates energy through these “large-scale” complex struc-
tures, which are also responsible for the breaking of parity and
translational symmetry (in the most general case). Following
inspiration by Zia and Schmittmann [73], the geometric de-
composition of dissipation can be used to classify NESSs,
as recapitulated in Table I and in Fig. 6. In this work, we
verified our results mainly in cases where it is possible to
access the analytical form of the stationary probability dis-
tribution, at least in an approximate sense. To advance further,
we plan to investigate the problem numerically, using method-
ologies capable of reducing the error in velocity estimation.
On the analytical side, the properties of velocity fields could
eventually be studied using renormalization group techniques
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FIG. 6. NESS classification based on conservative and noncon-
servative dissipation. We report the examples studied along this
article in the diagram, with their position qualitatively representing
the thermodynamic classification on the basis of Table I. Local
equilibrium system such as the driven particle in a circular potential
or the Brownian gyrator has zero or modest conservative dissipa-
tion, and the velocity geometry is dominated by the nonconservative
contribution breaking parity. They all have to live in the accessible
space where S, > S, since they are characterized by a single phys-
ical current. For all these systems, the gray line and the gray dot
indicate equilibrium conditions. However, open systems like a par-
ticle connected to many heat baths or an underdamped particle in a
temperature gradient sustain the emergence of multiple currents that
might enable the access to the whole space, even exhibiting a purely
conservative dissipation associated with a translational symmetry
breaking (see Sec. V C). Finally, a many-body open system like a
biochemical oscillator exhibits an increasing conservative dissipation
when approaching a synchronization phase transition.

[74,75], large-deviation theory [76], or by focusing on topo-
logical properties. Finally, on a more conceptual level, our
approach calls for a deeper understanding of nonequilibrium
thermodynamics through the lens of gauge transformations,
geometry, and information theory [23,41,57,77]. Beyond
these fundamental questions, our framework shows great
promise as a versatile tool for addressing different inter-
disciplinary challenges, as already shown by flux/landscape
approaches [24]. Active matter represents a promising field
of application for the presented framework. In the simplest
case of an active Brownian particle [78], for example, a
solution can be readily obtained at all times and closely re-
sembles that of the 2D Brownian gyrator. The conceptual
leap, in this context, is that emergent dissipative cycles arise
in the space describing both the particle and the bath, mak-
ing physical interpretation more challenging [79,80]. Future
work may further explore this direction, together with the role
of nonreciprocal interactions [81]. More generally, follow-
ing the many-body example presented here, our framework
could pave the way for constructing a thermodynamics of

nonequilibrium phase transitions, where individual compo-
nents break symmetry due to energy injection but coordinate
to spontaneously induce macroscopic order [6,82]. Along the
same lines, the idea that a form of selection can naturally
occur out of equilibrium due to dissipation-driven processes
is gaining momentum in the fields of physical and biolog-
ical/metabolic chemistry [54,55,83-85]. Living matter, such
as cells and ecological systems [86—89], is believed to operate
at an optimal thermodynamic or metabolic state. A promis-
ing way to understand the selection of such optimality is
to study the thermodynamic landscape of alternative states
relative to the optimal one by introducing a particular ex-
ternal forcing/perturbation, as in recent experimental studies
on cell cytoskeleton [90,91]. Hence, our framework offers a
promising step toward a general theory of thermodynamic
selection, suggesting a possible conceptual bridge between
thermodynamics and evolutionary dynamics [62,92-94]. To
further investigate this analogy, we leave for future investiga-
tion the extension of the framework to discrete-state dynamics
(e.g., master equations), in line with existing exploratory ef-
forts in this direction [40,74,75,77,95,96]. In summary, our
work characterizes the geometric properties of nonequilib-
rium currents and how they signal the onset of symmetry
breaking. Owing to its generality, it paves the way for future
theoretical investigations and offers a unified approach to
understanding selection phenomena across different contexts
as a consequence of symmetry-breaking processes driven by
nonequilibrium dissipation.
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APPENDIX A: WEAK-NOISE EXPANSION
FOR ADDITIVE NOISE

If we assume a weak-noise ansatz for the stationary
probability,

Py = e "0, (A1)
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the stationarity condition reads
Py = 0 ' Pe(F' + DV 3; F)3, F®
—(3:F' 4+ D" 3;0; F )Py = 0. (A2)

Following various approaches [22,33,34], we perturbatively
solve Eq. (A2) by equating to zero each order in o. The first
contribution is of order 1/0 and reads

(F'+ D73; FO3,F® =0, (A3)
while the second (and last) contribution is of order o'*:
dF' +DV3;0;F© = 0. (A4)

By using the definition of gradient, divergence, and adiabatic
velocity,

v, =F + VFO, (A5)
Equations (A3) and (A4) in vector form read
v, * VFP =0, Vsxv,=0. (A6)

If we now consider an additional order in the self-information
expansion, we have

Py~ e PV FY, (A7)
so that the velocity can be split into two parts:
VO =F 4+ VvFO ) =vFD, (A8)
The stationarity condition reads
8Py = 0 Pu(F' + D70, F )3, F”
+ (0;(F' + D 9; F )
— (F'+ D 9; FO)3, F D — D' g; FDy, FO)py
+0(=D"3;3;FV + DUVg FV3; FD)Py = 0. (A9)

The dominant order o !

Eq. (A3):

is not modified with respect to

v« VFO =0, (A10)
On the other hand, the order ¢ is modified to

— (F"+ D3 FO)8, FD + 8,(F' + DT, F )

— DVy;FVyFO = 0. (A11)
In vector forms, it reads
Vixv® =050V 4o vVFO, (A12)
Finally, the order o reads
-D"3;3;FV + D3, 7Dy, FV =0, (A13)
Vo) =) x ol (A14)

To continue with geometric characterization, let us study
the average flux of the different contributions to the self-
information F©@, FU_ At stationarity, the time deriva-
tive of the average of the quasipotential part of the

self-information has to vanish,

A (FO) g = (0% VFO)y =0, (A15)
therefore
O VFO) = oo £ VFO),  (Al6)

and, by using Eq. (34), we obtain the orthogonality condition:

("« vFO) =o. (A17)

st
This relation implies that the first-order velocity, which con-
sists of only a conservative term, is on average orthogonal to
the contour lines of the self-information. Similarly, by looking
at the first-order self-information F", we find that its average
change along the zeroth-order velocity balances the first-order
velocity divergence. In fact,

d(FD)q = (axs VFV)g =0 (A18)
implies that
e VF = o),
=—o(Vxoll)

where we used the fact that »{") = VF and Eq. (36) for the
last equality. Notice that, by using Eqgs. (A18) and (35), the
relation appearing in Eq. (A19) is equivalent to

(Vo) =—0o(V vé“)st <0,

st

(A20)

which can be obtained by directly averaging the divergence
of the total velocity and remembering that (V % v,)s = 0 at
stationarity. These conditions, taken together, imply that the
average fluxes of v{?) and v{" must be related to each other.

APPENDIX B: SYMMETRY BREAKING
IN THE TRAJECTORY SPACE

In our framework, we can improve the physical interpre-
tation of the nonconservative and conservative dissipations
by studying symmetry breaking at the trajectory level. Here,
we show that the first one it accounts for a tendency to
circulate, breaking a parity symmetry holding at equilibrium
and leading to a stationary dissipation into the environment.
Considering a system governed by Eq. (1), the probability of
observing a trajectory I'—starting in x at + = 0 and arriving
in xf—is given by

P(I) = ¢ A2 p(xy), (B1)
P(T|xo)

where A(T") is the Onsager-Machlup action [97] that, using
the Stratonovich prescription, reads

A(F):/ dt[%(fc—F)*(X—F)—i—V*F}, (B2)
0

in which all quantities have to be evaluated along T.
Equation (B2) can be rewritten as the time integral of a
lagrangian A, and it can be divided into a time-symmetric
part As, stemming from an “energy-stress tensor,” and a
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time-antisymmetric part A,:
1
AT) = / dtA, A= D;AY + D;;AY, (B3)
0

U DR B .
A =S¥ + SF'F ®D*FI, (B4)

S
Al = —xFi. (BS)

The detailed balance condition in Eq. (40) can thus be rewrit-
ten as a condition for the stress-energy tensor to be symmetric
with respect to indices:

wij = (As)ij — (As)ji = 0iF; — 9;F;
= ai(vnc)j - aj(vnc)ia (B6)

where wj; is the “torque” tensor, i.e., the antisymmetric part
of the stress-energy tensor. This field encodes the noncon-
servation of the angular momentum, hence parity symmetry
breaking, and coincides with the vorticity field w in two and
three dimensions. The dissipation along a trajectory I', s(I"),
customarily quantified by the ratio between the probability
of " and its time reversal I" [2], is associated with the anti-
symmetric part of the action. To deepen our understanding,
consider that in a closed trajectory ', i.e., xo = x¢, we have

PT.)
P(T,)

s(I';) =1n / dx % vy = spc (o). B7)
r,

In two and three dimensions, we can further apply Stokes’

theorem and thus rewrite the dissipation as the flux of the vor-

ticity field w across the surface X(I",) defined by the closed

trajectory:

sne(lo) = / d¥ w. (BS)
Z(T%)

These results establish a clear connection between the
propensity of performing closed trajectories in a preferen-
tial direction, i.e., the breaking of the equilibrium parity
symmetry and the nonconservative velocity that breaks the
space symmetries in the stress-energy tensor. Furthermore,
these observations reinforce the validity of our identification
of the nonconservative contribution as stemming from the
nonequilibrium conditions, and the availability .4 as capturing
pseudoequilibrium modifications. Indeed, we notice that A
does not contribute to the dissipation along any closed tra-
jectory I',.

Furthermore, if we look at the dissipation along an open
trajectory, we note that an additional contribution proportional
to the availability can arise if the system is in a NESS:

P, P(I'
Feq@0)PTI0) _ oy, (BY)
Peq(xp)P(I'|xy)
a Py(xo)P(T'xo)
Po(xp)P(T|xy)
where AA= A(x;) — A(xg) and A=F — BU. Equa-
tions (B9) and (B10) explain the role on single trajectories
of the geometric components of the velocity field: The non-
conservative velocity selects the probability of producing a

fluctuation from the equilibrium state over its time reversal,
while the conservative contribution tends to select a trajectory

snc(D) + AA, (B10)

over its time reversal in a NESS if it leads to an increase in
availability.

APPENDIX C: COVARIANT FORMULATION
OF THE FOKKER-PLANCK EQUATION
WITH MULTIPLICATIVE NOISE

We first consider the covariant formulation of the Fokker-
Planck equation in the Ito scheme and second in the
Stratonovich case. Our exposition follows various works by
Graham [21,63].

In the Ito case, the Fokker-Planck equation reads

P = —3;(F'P — 3,D"P)
= —8;((F' — 3;D")P — D" 3;P). (C1)

As in Sec. II, we take the inverse of the diffusion matrix as a
metric to introduce the covariant derivative:

Vu' = 0’ + T, (C2)

where I is the affine connection. By imposing the parallel
transport of the metric,

VD" =0, (C3)
the connection is determined to be
T4 = 5D (3pDysc + 8 Dyo — 0, Dup). (C4)

The covariant divergence is defined as

. vl
Vxv=Vp' = \/|D|8i<—)
VID|
= 8,'Ui — F,‘U,’, (CS)

where |D| is the diffusion matrix determinant and I'; = Ff‘k.
The notation in terms of the diffusive scalar product follows
from

Vxv= ViDijUj = DikaDijvj
= V,ju/ + D*/ViDyj = V ) + Do, Vi DY
= Vv +0,V,DV =V v/ (Co)

The Laplace-Beltrami operator, i.e., the divergence of a gradi-
ent of scalar function, is defined as

Dy
V %« V¢ = /|D|3; J ) C7
* Vo |D| (m (C7)

Now, by defining the invariant probability O and the invariant
measure d€2,

dx
Q=Pﬂﬁ}d9=ﬁﬁ, (C8)

one can rewrite the Fokker-Planck equation in a fully covari-
ant form. First, we need to set the position of the diffusion
matrix in a compatible way with the Laplace-Beltrami opera-
tor. This will produce an inhomogeneity in the force field. In
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the Ito prescription, this reads

y foQ) (Difa_iQ)
VID|3;9;DP = /|D|9;9; | —= ) = /|D|3;
o " (m SNV

el o

By rewriting everything now using Egs. (C5), (C7), and (C8),
we arrive at

F’Q Dijan>
30 = —/ID%[ —= —
0=~IDI <m N

= —V % J, (C10)

where

J'=F'Q-D"73;0,

oy ; DV ; ; C

F'=F'— |D|8»<—)=F’+vl. (C11)

AW D

This additional term appearing in the force, which we name
vp, is the covariant divergence of the diffusion matrix. By
applying the definition of the covariant divergence [Eq. (88)]
it can be rewritten as

v = 3;D" — T,

I =r%D7 =-v'In/|DI. (C12)

Finally, by using Eq. (91) for the first term and after some
manipulations, it can be decomposed as the sum of a first
contribution stemming from the vector @ and a second one
from the derivative of the diffusive forces G:

vh = DVw; — 3,GiGIs™. (C13)
On the other hand, in the case of the Stratonovich prescription,
we first have to rewrite the Fokker-Planck to make manifest

the presence of the diffusive matrix (as we did in the Ito case):
P = —3;(FP — G}3;(GLs"P))

= —3i((F' + 9,G,G])P — 3,D''P), ~ (Cl14)

and then apply Eq. (C9). It is immediate to see that the addi-
tional drift term in the force in Eq. (C14) counterbalances the
second term in Eq. (C13), leading to the following expression
for the diffusive velocity:

(C15)

The combination of Egs. (C13) and (C15), with the intro-
duction of a parameter o« = 0, 1, gives Eq. (90). Now, let us
comment on the curvature and its relation with the diffusive
velocity. As usual, the curvature can be quantified by the Ricci
scalar in terms of the affine connection:

i — Dilg.
vy = DY w;.

R=DY (3T}, — 9;T} + T, — THTh).  (Cl6)

The diffusive forces G are the metric frames, and intuitively
they tell how the variable feels the noise “kicks” at a certain
configuration [26]. The vector w is called anholonomity vector
and measures how G behaves when parallel transported along
aclosed loop, i.e., the anisotropy of fluctuations. This is equiv-
alent to measuring the curvature of the associated manifold.

Hence, one defines the anholonomity tensor as

iy = G,G}(3:G; — 9,G5), (C17)

which quantifies how a motion along the directions a and b
generates anisotropy in c. The corresponding anholonomity
vector capturing the net twist only along the direction a is
thus obtained by contraction. Then, one can rewrite the scalar
curvature as

abc be

1 1 b
R= 1 W@abc®  — 5 Wabc W ¢ — 0,0 cp. (C138)
1. Perturbative solution of the covariant

Fokker-Planck equation

We consider a noise expansion for the invariant stationary
probability:

Qst ~ e_]:(())/(,_}‘(l) (C]9)
and solve order by order in sigma as in Appendix A. The
results are equivalent to the previous expansions but stated in
curved geometry, and with the addition of the “phoretic” term
in the first-order velocity,

10 = VFD 4 vp. (C20)

The dominant order is still given by Eq. (A10), while the
following orders read:

Vio® =@« VFD 45D 4 vFO,
V5 = 50 VED = 50 (5 — up).

By taking the average, the last equation leads to the first-order
entropy production:

50 = (50 % 5)

=o(Vx3")+o(opx3V)>0.  (C2D)

In the case of vanishing curvature, @ = 0, and it is immediate
to show that the Ito diffusive velocity [Eq. (C13)] reduces to
the contracted connection [see Eq. (95)]. Hence, by applying
the definition of covariant divergence [Eq. (88)] in Eq. (C21),
one obtains

30 = (0 % 3), (C22)

coherently with the fact that the manifold is flat.

APPENDIX D: GEOMETRIC DECOMPOSITION
FROM NONCONSERVATIVE FORCES

A more transparent physical interpretation of the decom-
position stems by the study of the simple case in which
nonequilibrium conditions originate from the presence of a
priori known nonconservative forces, f (e.g., external fields,
shear flows). In this scenario, one has

Fi=f—dU, DV=68UT, V =Td, (DI)
where 3’ = §"/9;, U is the potential acting on the system, and
T the temperature of the external bath. We also employ the
Einstein relation to link diffusion and temperature to ensure
that, when f = 0, the system relaxes to the Boltzmann distri-
bution. Here, 8 = T~! with the Boltzmann constant set to 1
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for simplicity. From the force decomposition in Eq. (27), the
adiabatic velocity can be expressed as follows:

v,=f—0U+VF=f+V(F—BU), (D2

where all gradient terms have been isolated and can be iden-
tified with V F .. The first contribution coincides with the
nonconservative force—the sole source of nonequilibrium in
this scenario—and corresponds to v,.. Thereby, in this simple
scenario, we obtain a decomposition of the velocity:

an:fa

Out of equilibrium, the particle could visit excited states with
nonzero availability. The adiabatic entropy production is thus
given by

ve=V(F-BU)=VA (D3)

Sa=(va*xv) = (W f) + (vx VA), (D4)

where the first term corresponds to the heat dissipated by the
nonconservative force and the second one to the extractable
work (and duly vanishes in the stationary state). In the steady
state, we have

St = ax fla=B(Aa — (VA ) > 0. (DS)
Qout —Qm

The first term multiplying the inverse temperature can be
interpreted as the heat due to the nonconservative force re-
leased into the environment, while the second one as the heat
absorbed from the nonequilibrium conditions that modifies
the system self-information.

APPENDIX E: GEOMETRIC DECOMPOSITION
FROM MULTIPLE BATHS

Another paradigmatic yet more intricate scenario to induce
nonequilibrium conditions involves systems coupled to mul-
tiple baths, such as the Brownian gyrator and a Brownian
particle in contact with two thermal reservoirs. In these cases,
the identification of A becomes more subtle since there are
multiple possible given equilibrium distributions, i.e., one for
each bath, PeTé x exp(—U/T;), where U is the potential. How-
ever, interaction terms in U between different components
might result into an interaction between different baths. In-
deed, in general U = Zi U; + Uiy, where U; depends only on
the ith component. For simplicity, we assume that each degree
of freedom i is coupled to a different bath at temperature T;,
i.e., DV = 8§ /T;T;. The stationary velocity for each compo-
nent can be readily obtained as before:

vl = -3V + V'F = —0'Up + V’(]—' — %) (E1)
1

The second term is a gradient and, as such, can be identified
with the contribution from the availability. Indeed, it ac-
counts for the difference between F and the equilibrium case,
where no interaction exists between components and each one
relaxes to the Boltzmann distribution associated with its re-
spective bath. As a consequence, the first term coincides with
the nonconservative velocity and, once again, only contains
external contributions triggering nonequilibrium conditions.

Thus,

U;
Vs = — Ui, vc=V(f—Z7>. (E2)
i i

A

In this case, it is manifest how the choice of the reference
equilibrium distribution changes the identification of the ge-
ometric contributions. Another possibility would have been
to compare the NESS with the equilibrium distribution where
T; = T for all baths, in the presence of an interaction potential.
In such a case, the component of the velocity encoding the
external nonequilibrium conditions would have encoded the
fact that baths have different temperatures. To conclude this
case, we note that the metric is flat but anisotropic, with
D! =diag(1/Ty, 1/T>, ..., 1/Ty). It can be mapped to the
standard Euclidean metric by rescaling each degree of free-
dom by 1//T;. Thermodynamically, this implies that in this
rescaled space, each direction is effectively “measured” by a
different temperature; i.e., the length scale along direction i
is inversely proportional to its temperature 7;. We also gener-
alize our framework to include multiple thermal baths acting
simultaneously on the same degrees of freedom and gener-
ating different currents. In this case, since there is not only
one physical current at play, Eq. (40) does not coincide with
the equilibrium condition; hence, the reference equilibrium
distribution does not naturally appear in the stationary velocity
and has to be set a priori. As a concrete example, and for sim-
plicity of notations, we consider a one-dimensional Brownian
particle attached to two baths at different temperatures and
subject to two corresponding potentials [30,98]:

¥ =—0,Uy + V21§ (1) — 0:U, + V2056).  (E3)

The system reaches a generalized Boltzmann distribution with
an effective temperature:

U+ U,

Pst0(67]:, .F:—.
I +1

(E4)
In this particular condition, the total current is zero, as the
contributions from each bath balance each other. Nevertheless,
as we shall see shortly, there is an ongoing entropy production.
Moreover, the absence of interactions (or any other external
nonequilibrium source) implies that v, stems purely from
conservative terms from a geometrical perspective:

Vg = V¢ + Ve = 0,

Voo = =0, Uy + Ty0e F, a=1,2. (ES)

However, when we set a reference equilibrium distribution,
say P, ~ exp(—U,/T1), the presence of the second bath can be
identified as the nonequilibrium driving of the system and, as

such, it has to reflect into the nonconservative part of velocity:
Ve = Vi, Upe = V2. (E6)

Hence, the total dissipation is given by the conservative con-
tribution associated with thermal conduction:

. 2 [v2, v2 v2
B E N

i=1
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We emphasize here that a purely geometrical interpretation
of v would give only conservative contributions. However, a
physically informed interpretation of our results in the pres-
ence of multiple currents, based on Eq. (44), leads to one of
the possible correct decompositions (depending on the equi-
librium prior).

Here, we report additional mathematical details and deriva-
tions on the examples we presented in the main text.

APPENDIX F: EXAMPLES

1. Driven particle in a circular potential

Consider a Brownian particle confined on a circle of radius
p* by a quadratic potential and driven along the circle itself
by a constant nonconservative force f, as described in the
main text. The presence of f breaks detailed balance, and the
stationary flux along the circle will induce a parity symmetry
breaking in the system. Let us start with the description of this
Brownian motion:

X = filx,y) — QU (x, y,2) + V2D £.(1),
¥ = f,(x,y) = U (x,y,2) + V2D &,(t),
i = filx,y) — 3.U(x,y 2) + V2D &(1), (F1)

where f; is the component of the driving force along i and
&;(t) is a Gaussian white noise with unit variance. These
equations can be rewritten in cylindrical coordinates (p, ¢, z),

with p = \/x2 + y? and ¢ = arctan (y/x). Employing the Ito’s
formula for the change of variable, we obtain

D
p=—yp—p*)+ ~+ V2D &,(t),

2D
gi‘}p(t),

= —yz+~2D &),

p="+

g (F2)

with U = (y/2)(p — p*)* + (y/2)z%, f only acts along ¢,

and D/p is the usual Ito term. The resulting Fokker-Planck
equation describing the system is

P = (Ly+ Ly + L)HP, (F3)
where we introduced the following operators:
.~ D
cp =0, y(0—0p )_; +D 0,p,
f ) D
Ly =10 (—— + — 0pp»
(4 ¢ 0 02 2]
L, =03,(yz)+D o,. (F4)
The motion along z is decoupled, while the other two equa-

tions can be solved imposing that the flux only flows along ¢.
Therefore, the steady-state probability distribution is

—2p* 2 _ 2Dl
Pstzzlexp(_p(p oY)y +vz n,0>’ (F5)

2D

with Z the normalization factor. By computing the flux, we
have

plo —2p%)y +y22\ , .
— fl¢’

=z!

(Fo6)

where iy is the versor indicating that it flows along the coor-
dinate ¢». Hence, the stationary velocity reads

f.
st = —— Iy. F7
Vst P Ly (F7)

We also remark that, in the small-noise limit, we have

_plp=2p")y +y2
2D :

Py~ Z lexp < (F8)

which coincides with the form outlined in the main text stem-
ming from the noise expansion.

The parameters employed to obtain Fig. 1 are f =1,
y =1,D=0.1,and p* = 2.

2. The Brownian gyrator
As a second example, consider the 2D motion in the x-y
plane of a particle under the effect of a quadratic potential
U and coupled to two baths, each acting along one direction
and at different temperatures, 7, = T and 7, = T (1 + §). The
dynamics is described by
x=—=0,U(x,y) + &),
.)') _8}’U(xv y)_’_gjy(t)v
(i) =0,
(&:()E; (1) = 2T;8;;8(t — 1), (F9)

where the potential is U (x, y) = "72 + y; + uxy, with |u| < 1
for stability. The system approaches the following stationary
solution [49]:

Py(x.y)=2""e"7, (F10)
4 V.
Fey) = fr (5 + 597 +upany). (FLD)

where Z is the normalization factor and Bz = (Tn)~!. To
have a compact notation, we introduced

I/l22
n=1+8+ —8,

4
M2
7/1:2—75,
MZ
)/2=1+?87
_ 1)

Note that when § = 0, the self-information F reduces to U,
as expected. Note that the stationary solution respects the
form resulting from the small-noise expansion, where T is
the parameter regulating the noise, while § and u affect the
detailed balance condition that reads as follows:

T.0,F, = T,0,F, — us = 0. (F12)
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Due to the anisotropy of the temperatures, detailed balance is
broken and a current emerges with a stationary velocity:

Vst = 0xU — T O F, (F13)

Vsy = U — T(1+8)0,F. (F14)
It is straightforward to show that its divergence vanishes, and
its vorticity reads

4Tus

I+ @yt E

w = 8x(va)y - ay(va)x =

which coincides with the expression reported in the main text.
Hence, the interplay between particle interaction and temper-
ature difference is accountable for the emergence of a parity
symmetry breaking in the NESS.

The parameters employed in Fig. 2 areu = 0.7,T = 1, and
s =4.

3. Coupled molecular oscillators
a. Model introduction and stationary solution

In Ref. [4], Tu and co-workers formulate and study a
nonequilibrium model of coupled molecular oscillators chem-
ically fueled by ATP and interacting between each other.
Notably, the thermodynamics of such a complex many-body
problem can be easily constructed. Here, we rapidly review
this work and study it using our framework generalized to the
presence of multiple currents.

At the individual level, a single oscillator is thought as a
“molecular clock” with phase ¢;, i € [1, N], formed by a cycle
of n asymmetric reactions fueled by the ATP consumption.
Each reaction has a direct Poissonian rate k£ and a reversed
one yk, where y is related to the energy consumption. Fur-
thermore, we consider a coupled totality of N oscillators that
can also interact and exchange a small phase with reaction
potential E(¢; — ¢;) = E;; = —Eg cos(¢; — ¢;), with Ey the
coupling strength. In the limit of many individual internal
reactions n — oo, the model of coupled oscillators can be
directly studied as a system of N Langevin equations with two
types of noise:

. Q
Gi = keg+mi— D QE;+E@),  (F16)
J#
(it (")) = 2k8;8(t — 1), (F17)

28
(EjOE()) = W[aikajl — 8818t —1t'), (F18)

where n; (T = 1) is the noise stemming by the internal indi-
vidual processes, while 7;; is generated by the interactions.
Therefore, it is needed to evaluate separately the two types
of currents. In the original article, this is done by considering
the microscopic master equation and approximating it. Here,
we propose an equivalent analysis directly starting with the
Langevin equations that generalize our results exposed in
Sec. II. First, we separate the dynamics [Eq. (F16)] into the
change in the single phase, ¢?, due to internal processes, and
the change in phase differences ¢;; = ¢; — ¢;, ¢;;, driven by

phase exchange. The resulting system of equations is

Q /
_Eij+‘i:ij'

d’i:d)?"i‘z(;bijv ¢! = keg + s, ¢)ij=—N

J
(F19)

In the same way, we also decompose the Fokker-Planck equa-
tion and its current as

N N 9
AP == 07 =" WJ}‘},
i=1

i=1 j>i Y

(F20)

with 9/0¢;; = 9; — d;. The whole system can be described
using the geometric formalism introduced in the main text,
but in two different geometric spaces.

The first term accounts for the single-oscillator current
where the single phase gradient is defined as V/, = k8"/9;:

(J?) = kegP — Vi,P = kleg — 8" 0;]P, (F21)
while the second one accounts for phase differences due to the
phase exchange interactions, with gradient VJ = %(8’ —a/):
J?) = R i _yiip — Q[E”'f — (@' —3)IP. (F22)
N ¢ N
In resume, the Fokker-Planck equation can be rewritten as
P =—=Vy -Js—VyxJ,. (F23)

We search for a stationary solution Py by imposing 9, P, = 0,
i.e., the sum of the two divergences to zero:

ke, Z 9P — Z ai% > 2E,P

i J#i
Q
—1yq2 _
_ §i (k+ QN — /NP + 2 ;#i 3, §i 3P = 0.

Equivalently, the stationary condition reads in terms of

velocities:
V¢~v¢+V¢*v¢,:(v¢~V¢+v¢*V¢,)}'. (F24)

Given that the stationary solution needs to be rotation-
ally symmetric, i.e., Zi 0;Py = 0, the stationary condition
[Eq. (F24)] simplifies to an effective equilibrium one:

>, => o =0,

(F25)

Q
v 2 2B P Kk + Q0P
J#

allowing us to consider Jf = 0 and leading to an exact
solution in the form of a self-information with an effective
temperature:

Pu(@)=Z"exp| —=N"'B Y E(¢i —¢)) |,
i<j

S R F26

B =Ts = +§- (F26)

Let us note that here the reference distribution can be thought
as the uniform one obtained in absence of interactions. Hence,
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the potential in the stationary probability can be directly iden-
tified as the availability:

1
=N ZEU’

i<j

e Per A
P, = - F27)

b. Geometrical and thermodynamic properties of the velocities

With the splitting introduced in the precedent section, the
whole system can be described using the geometric formal-
ism introduced in the main text, but in two different spaces.
First, we identify conservative and nonconservative velocities

associated with the single-oscillator phase change:
v =02+, vl = ke,

kﬂett a E,j

(09)' = fer Vi, A = (F28)

where the gradient is defined as V’, = k6" ; and scalar prod-
uct is indicated as a - b = k~'a;b'. The nonconservative part
is harmonic, while the conservative has a nonzero divergence,

leading to

V¢-vg’=

kﬁeff ” 2 k:Beff
N Eij Ej=PerVyA=——1 Eij Eij.
(F29)

Second, in the space of the phase difference, indicating the
gradient as V;{ = 1%(8’ — d7), we obtain the velocities

Q

? — ¥ 4 4 ”J
v =0l +vf, (v ) —2—F

(vg,)i‘ _ Qﬁeff

and the scalar product is a * b = (Q/N) 'a;b’. Here, both
velocity contribution have a nonzero divergence:

VIF =2——(E* — E"), (F30)

Vo *xv? =V, %x0% +V, %02, (F31)
Vo v? 2 . Y 2
w*vncz—NZ(ai—aj)aiE = NZE, (F32)
l<j l</
V, % v? == Z (E[, —E})) = —2— ZE,]
iji>j i>]
(F33)

By comparing Eq. (F31) with Eq. (F29), we see that they
balance each other (in the synchronized phase):

Q B
Vool =2(1- B> Eij= ky > Ej
ij ij

—kBet V3 F.

By using the definitions above and the stationary solution, we
can easily identify the different dissipation functions but not
explicitly calculate all of them. Let us start with the single-
oscillator one:

S0t = (v?, -

; sin(¢; — @,
=kﬂ§ﬁE§<Z (—Z’ v

2
¢’)> > . (F35)

=—Vyxv? = (F34)

vh), =kei, SE0 = (v 0?)

cls

Due to the symmetry of the energy function, we have that
(vl -0?) =0, (F36)
leading to
S =80t + 830 (F37)
Similarly, in the phase-difference space we have that

1 2 ..
St = i), = 2 3 )

iji<j st

S04 = (v? % v?)

2
Q E,B2

iji>j \ k "
QE? B
fog, v8), = -2 &
x Z <Sln<pu (Z(sm(pzk s1n<p,k)>> (F40)
ij,i>j

By looking at the self-information balance at stationary state,
we can generalize the orthogonality condition in the main text
to the case where multiple currents are present:

(0. F) = (7 - VuF) + (v/ % V,F), (F41)
which leads to
(Ve F)g = —(v? x V,F),,. (F42)

By using the conservative/nonconservative decomposition
into Eq.(F42), we have that

S+ 8380 = —(vf, % V,F) 2 0 (F43)

which finally leads to the total entropy production balance:

SN =S50 Sy g e, (F44)

tot —
More precisely, we can show a stronger relation for the ¢
dissipation using Eqgs. (F36) and (F43):
Seet” = S5¥ 4 S + 2(v8. %V, F)

tot
= §e — §ste 285t > 0, (F45)

from which, thanks to the positivity of the conservative con-
tribution,

Sur > S = S1 8. (F46)

This relation confirms that the conservative contribution en-
codes the dissipation cost due to collective organization,
whichneeds to be smaller than the dissipation due to the in-
teraction reactions.

¢. Mean-field approximation

To go further into the analytics, we follow the original
reference and introduce a mean-field approximation in the
limit of large system size N — oo:

P(¢p) = TTL p(¢).

To characterize the collective behavior of the system, the
standard order parameter r € [0, 1[ is introduced:

re'V = ('),

(F47)

(F48)
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where ¥ is the collective phase and & = ¢ — i the difference
of a single phase with respect to . By marginalizing the
original Fokker-Planck equation and applying the mean-field
approximation, one obtains an effective one-body mean-field
equation:

o p(p.1) = 3¢[ — keg + QEy / d¢'sin(¢ — ¢)p(¢")

+ (2 +k)3¢}p(¢,t), (F49)

using the fact that (sin(¢ — ¢’))ys = rsinf, the stationary
state has the following solution:

psi(6) = % exp (rBEycos6) (F50)

[remember that, due to rotational symmetry, pg () = o5 (¢p —
¥) = pg(6)]. Following the original reference, it is possible
to use this solution to calculate the critical (minimal) exchange
frequency for synchronized oscillations to emerge and per-
form an approximation for SEy — oo of the order parameter:

2%k 1 3
== r=1- - - (F51)
Ey—2 2BEy  8(BEy)

c

By inspecting the Fokker-Planck equation, we identify the
mean-field value of the various velocity components:

00, = key, 0 = —kdglnp = krEoBegrsin6  (F52)

o _ .
vh. = QFEprsind,

v = —Q0lnp = QPBerEprsinb.
(F53)

The geometrical properties of the system are well represented
by these mean-field approximations, given that the geometries
have nonzero divergences, they match the original geometric
relation in Eq. (F34), and their average is related to the order
parameter:

(Vg 00), = —(Vo % 0¢), = kBetr((V$)*A) = kEoBr > 0.
(F54)

In Fig. 5, we illustrate the velocity geometry: In panel (b),
plot the mean-field phase velocities for two oscillators in the
case ¢, = ¥ in the (¢;, ¥) plane; hence, (T)‘lp, 1‘)‘2’5) = (ke, +
krEoBefr sin(¢py — V), ke + krEgBesr). In panel (c), we con-
sider the ¢ velocity and we do not need to fix the collective
phase to plot them in the (6, 6,) plane; hence, (0], 03) =
(—krEoBesr sin(61), —krEoBesr sin(62).

Now, we put our attention on calculating the mean-field
dissipations functions in Eq. (F44). To do so, one needs to
apply the mean-field approximation (N — oo) to Eqgs. (F35)
and (F38), and normalize by N. In the mean-field approxima-
tion, the conservative part of the single phase velocity of each
oscillator reads using that (cos8) = r (see Ref. [4] for more

details on the calculation):
- 1.
S50 = ngw’ ~ kBES f d6,d6,db;

x sin(f; — 63)sin(0; — 62)p(61)p(62)p(63)
= kBEEZ(sin () — 62)sin (6) — 63)) = kBerEor?,
(F55)

where we have used that (sin?6) = (BeitEo) ™! and (cos6) =
r. Passing to ¢, for the nonconservative component we have

S;tc’(p = NS;tc’(p =~ EQE&(Slnz(Ql — 92))1‘2

 E <1 I )
" Beir BettEo )’

and finally its conservative part reads

(F56)

goe = Lo gEiPer (2(sin(6; — 6,) sin(6) — 63))
[ N°© ~ ) 1 2 1 3
— 2(sin6)?) = QEoBesir?, (F57)

where we have used that (sinf) = 0. By putting everything
together, we arrive to

= = = = QE ]
Sor = Spe =S8 S ke + ff (1 B ffE()>,
€ €

§ = QEo?, (F58)

with 8%, = ke? directly from Eq. (F52).

tot

4. Underdamped particle in a temperature gradient

The motion of a particle, subjected to a confining potential
U, has to be described in the entire phase space (x, v). Hence,
a 1D dynamics along x only turns into a 2D one when ve-
locities and positions are considered at the same time. In this
case, including also the presence of a temperature gradient,
the Langevin equations describing the system are

(F59)

xX=yv,

1 1
v=-7 0U + — 2y T@EW).

—=v—-— (F60)
m m

where y represents the friction, m the mass, d,U a (confining)
potential, and the diffusion coefficient satisfies the Einstein’s
relation D(x) = yT(x) at each point in space. Notice that
the temperature gradient translates into a multiplicative noise
on v that solely depends on x. The associated Fokker-Planck
equation is

WUy, T(x)avp), (F61)
y m

1
0P+ vo,P = —0y (vP +
T

where T = m/y is the characteristic friction time. When
T — 0, velocities equilibrate infinitely faster, the system
reaches the overdamped limit, and thus can be described only
through its dynamics in the position space.

To investigate the system behavior beyond the overdamped
limit, we can employ a timescale separation approach by
expanding in the small parameter t up to the first order. Since
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the definition of 7 involves both m and y, we first need to per-
form a change of variable in the system to express Eq. (F61)
solely in terms of 7. To this aim, we introduce X = x,/y and
¥ = v4/m so that the rescaled Fokker-Planck is

1 1
P+ —V3:P = —d (VP +JT
T

U
VT v

P+ T()?)avp)
(F62)

Multiplying both sides by t, we obtain an equation where both
7 and /T appear. Thus, we can propose a solution in powers
of 4/7 in the following form:

PO&,9,1) = POG&, 9, 1) + VTPV (&, ¥, 1). (F63)
Inserting this expression into the dynamical equation, we can
solve order by order the resulting relationships. The leading
term is of order t° and reads

»EPY + T(%)8:,P?) =0, (F64)
whose solution can be immediately obtained in the following
form:

PO — 27 (%, 7). (F65)
Proceeding with the expansion, we have to solve the dynamics
of order /7 to determine the first-order correction:

79: PO = 8, (VP + (3:U)P® + T (%)d:P). (F66)

After simple manipulations, the first order can be expressed as
follows:
p — _3¥ (Vax(p + (i + i>¢3}T + X¢3}.{U>.
6T T T
(F67)

Finally, using both P©© and P() to determine the evolution
equation of order t, and integrating over V, we reconstruct
the overdamped equation in Ito form, as expected (additional
details on this step can be found in Ref. [56]). The solution
shown in the main text is the one shown here, where we moved
back to the original variables, x and v.

Regarding the identification of the mixed term appearing
in the nonadiabatic functional, from the decomposition into
reversible and irreversible parts of the velocity, we have

2 T 3,P
(Vrey * Vjrr) = /dxdvm—T<L2VaxU + Y = 3U
yT \m

m> P
14 yT ,0,P
—- Lyt P
mzf m3’ P

1 vE\ W
- / dxdvTV(—axU + /)= —<T> = <7>

(F68)

due to vanishing boundary conditions on P, where F is the
total force acting on the system, and hence W is the usual
definition for the rate of stochastic work performed on the
system.
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