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Abstract
We study random walks evolving in continuous time on a one-dimensional lattice where each site
x hosts a quenched random potential Ux. The potentials on different sites are independent, iden-
tically distributed Gaussian random variables. We analyze three distinct models that specify how
the transition rates depend on Ux: the random-force-like model, random walks with randomized
stepping times, and the Gaussian trap model. Our analysis focuses on five key disorder-dependent
quantities defined for a finite chain with N sites: the probability current, its reciprocal (the resis-
tance), the splitting probability E−, the mean first-passage time TN, and the diffusion coefficient
DN in a periodic chain. By determining the moments of these random variables, we demonstrate
that the probability current and resistance are not self-averaging, which leads to pronounced dif-
ferences between their average and typical behaviors. In contrast, E−, TN and DN become self-
averaging when N→∞, though they exhibit strong sample-to-sample fluctuations for finite N.

1. Introduction

Understanding the various aspects of a particle’s random motion in disordered environments presents
a significant challenge, stemming from both mathematical and physical complexities, as well as a wide
range of practical applications. In many real-world systems, the medium through which a particle moves
is highly irregular, influenced by defects, impurities, fluctuations, and other factors. These irregular-
ities create a random environment that affects local transition rates and often alters the behavior of
averaged transport characteristics. Since the early studies that introduced several foundational results,
along with various analytical approaches (see, for example, [1–10]), substantial progress has been made
across different areas of this vast domain. Notable topics include diffusion in random forcing landscapes
[11–22], in the presence of quenched random traps (see, e.g., [23–32]), random stratified flows [34–
36], and flows on various types of random lattices [37, 38]. The impact of disorder—such as sequence
heterogeneity—on random transport in biological systems has been studied in various contexts. These
include polynucleotide translocation through nanopores, the movement of molecular motors or proteins
along DNA [39–42], the dynamics of twist-induced denaturation bubbles in long DNA strands [43],
and the behavior of the boundary between coil and ordered helix phases during heteropolymer melting
[44] (see also [45]). A rich body of results and concepts has been summarized in several comprehen-
sive reviews [46–52]. Despite this progress, the problem remains a vibrant area of research, with many
aspects still not fully understood and being the subject of ongoing studies. For example, recent papers
have examined the influence of correlated disorder on transport properties [53], the dynamics of active
particles such as bacteria in disordered environments [54–58], and sequence-reading diffusion model
that mimics in some effective way the random translocation of knots along chemically heterogeneous
DNA strands [59].
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In this paper, we revisit the long-standing problem of random walks in the presence of a quenched
random Gaussian potential (Gaussian white noise), a topic that has received a significant attention in the
past (see, e.g., [51]). Specifically, we study dynamics of a particle that undergoes, in continuous time, a
random walk between nearest-neighboring sites of a one-dimensional lattice, where each site x hosts a
quenched random potential Ux, which influences the local transition rates. The variables Ux are inde-
pendent and identically distributed (iid) random variables, with a common Gaussian distribution. This
model can be also viewed from a somewhat different perspective. Namely, it can be considered as an
effective description, in terms of the Fick-Jacob’s approximation (see, e.g., [60, 61]), of diffusion in a
narrow two- or three-dimensional channel with Gaussian-distributed random wall corrugation.

To define the transition rates as functions of the on-site potentials, we consider three distinct sce-
narios: (a) the ‘random force’-like model [49], (b) a continuous-time random walk (CTRW) [62] with
an exponential waiting-time distribution and the transition probabilities dependent on the values of
potentials at the neighboring sites, and (c) a Gaussian random trap model (see, e.g., [23–33, 49]). We
will provide a more detailed definition of the dynamics for all three models in the following sections.

Our analysis focuses on five realization-dependent random variables:

(a) The steady-state probability current through a finite chain consisting of N sites.

(b) Its reciprocal value, which represents the resistance of a finite interval with N sites with respect to a
random transport.

(c) The splitting probability—the probability that the particle starting at the site x0 in a finite inter-
val (0,N) reaches the left extremity of the interval first, without ever visiting the right end of the
interval.

(d) The mean first-passage time through a finite interval of length N.

(e) The diffusion coefficient in a finite periodic chain with N sites.

While the statistics of the last two quantities have been explored in previous studies and some well-
established results have been obtained (see, e. g., [48, 49, 51]), a comprehensive analysis of the first three
variables is lacking at present. It is also important to note that all the random variables under study are
formally defined in the limit t→∞. Consequently, our analysis does not address transient effects, such
as aging and the ensuing sub-diffusive behavior, which have been extensively discussed in the literature
on the random force and random traps models (see, e. g., [49]).

Our objective is to calculate the leading asymptotic forms of the moments of these random variables
in the large-N limit, as well as to understand how they depend on the strength of disorder. For inter-
mediate values of N, we will conduct numerical analyses, employing exact numerical averaging of the
formal expressions that define these properties for a given sequence of Ux values. Ultimately, we aim to
address a conceptually important question whether these transport properties exhibit self-averaging with
respect to different realizations of disorder in the limit N→∞. In quest for the answer, we will examine
the large-N asymptotic forms of the key parameter—the relative variance

Rζ =
⟨ζ2⟩− ⟨ζ⟩2

⟨ζ⟩2
, (1)

where the angle brackets here and henceforth denote averaging with respect to realizations of disorder,
while ζ is one of the above-mentioned random variables of interest. This parameter establishes a stan-
dard criterion (see, for example, [64]) that allows us to conclude whether the realization-dependent
random variable ζ is self-averaging (Rζ → 0 as N→∞) or not (Rζ → const as N→∞). Determining
which of the two possible outcomes is realized is of a considerable conceptual importance: in a self-
averaging system, a single sufficiently large sample can provide a representative insight into the behavior
of the entire statistical ensemble. Conversely, in the absence of self-averaging, the value of an observable
derived from a single, even large, sample will not be representative and must be assessed from an ensem-
ble of samples. Consequently, one may expect a much more significant scatter of the data for a single
realization of disorder in the latter than in the former case. It is also important to note that for finite N,
the relative variance Rζ is always greater than zero, indicating that fluctuations are significant for finite
samples. Note as well that the limit N→∞ itself is very meaningful for the diffusion coefficient, as it
reflects the behavior expected in infinite systems. In contrast, for other properties of interest, this limit
will only highlight a trend in the behavior of fluctuations. Specifically, for quantities such as currents,
resistances, splitting probabilities, and the mean first-passage times, the size N remains fundamentally
finite.
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The paper is outlined as follows: In section 2 we present our model and describe three different
dynamical scenarios. In section 3 we concentrate on the statistical properties of the realization-dependent
currents through a finite chain and of its reciprocal value—the resistance of a finite chain with respect to
a random transport. In section 4 we discuss the behavior of the realization-dependent splitting probabil-
ities. Section 5 is devoted to the analysis of the mean first-passage times through finite intervals. Next, in
section 6 we evaluate the moments of the diffusion coefficient in period chains in the limit N→∞ for
all three dynamical scenarios. In section 7 we conclude with a brief recapitulation of our results. Some
derivations are relegated to Appendices. In appendix A we present the derivation of the probability cur-
rents through a finite chain with fixed disorder for all three dynamical scenarios, while in appendix B
we express the realization-dependent splitting probability through the resistances of the intervals from
the right and from the left of the starting point x= x0. Lastly, in appendix C, capitalizing on the exact
result due to Derrida [4], we derive exact compact expressions for the realization-dependent diffusion
coefficient on a periodic chain for all three dynamical scenarios.

2. Model and dynamical scenarios

Consider a one-dimensional regular lattice with inter-site spacing a. Without loss of generality, we set
a= 1 in what follows. We assign to each site x (x is an integer) of this lattice a quenched random vari-
able Ux and assume that all Ux-s are independent, identically distributed (iid) random variables with the
common Gaussian distribution. When Ux are defined on the entire real line, −∞< Ux <∞, we have

P(U) =
1√
2πσ2

exp

(
− U2

2σ2

)
, (2)

while if Ux may attain only negative real values5, −∞< Ux⩽0, the probability density function of Ux

obeys

P−(U) =

√
2

πσ2
exp

(
− U2

2σ2

)
. (3)

In what follows we will also use auxiliary variables ϕx, defined as

ϕx = exp
(βUx

2

)
, (4)

which will permit us to somewhat ease the notations and also to write down all the properties under
study, which are functionals of a set of all ϕx-s, in a very compact and transparent way. For Gaussian
iid variables Ux, the variables ϕx are also iid random variables with the common log-normal probability
density function. For Ux defined on the entire axis

P(ϕ) =

√
2

πβ2σ2

1

ϕ
exp

(
− 2

β2σ2
ln2(ϕ)

)
, 0⩽ϕ <∞ , (5)

while for −∞< Ux⩽0 we have

P−(ϕ) =

√
8

πβ2σ2

1

ϕ
exp

(
− 2

β2σ2
ln2(ϕ)

)
, 0⩽ϕ⩽1 . (6)

In both cases the variables ϕx have finite moments of arbitrary positive or negative (not necessarily
integer) order q.

The random walk of a particle in such a random frozen environment is defined using three different
scenarios.

2.1. Scenario I: random force-like model
Here we follow the rules of the so-called ‘random force’ model (see, e.g., [49] for a review) defining on
each link that connects sites x and x+ 1 a random force Fx,x+1 =−(Ux+1 −Ux)/a, (a= 1). Note that
this force varies randomly from site to site, but is not statistically independent from the forces defined
on two neighboring sites, as it is the case in, e.g., the Temkin or Sinai models [11–22]. In our setting

5 See below the definition of the Gaussian random trap model.
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the random force is the difference of two on-site potentials, which are the iid random variables6. More
importantly, in stark contrast to the Temkin and Sinai models, the disorder landscape in our case does
not become progressively rougher with increasing system size. Consequently, neither the typical heights
of potential barriers nor the depths of potential wells grow with the size of the system, which leads to
fundamentally different large-scale dynamical behavior. We stipulate then that the particle performs acti-
vated hopping motion in a continuous-time between the nearest-neighboring sites with the transition
rates Wx,x+1 and Wx,x−1 from the host site x to the target sites x+ 1 or x− 1, respectively, which obey

Wx,x±1 =W0 exp

(
β

2
(Ux −Ux±1)

)
=W0

ϕx

ϕx±1
,

Wx±1,x =W0 exp

(
β

2
(Ux±1 −Ux)

)
=W0

ϕx±1

ϕx
,

(7)

where β is the reciprocal temperature measured in units of the Boltzmann constant, while W0 is the
characteristic rate which defines the frequency of jumps in absence of disorder. In this scenario, the
probability Px(t) of finding the particle at site x at time instant t obeys the master equation

Ṗx(t) =Wx+1,xPx+1(t)+Wx−1,xPx−1(t)− (Wx,x+1 +Wx,x+1)Px(t) , (8)

where the dot denotes the time derivative. Such a model evidently satisfies detailed balance and, on a
finite periodic chain with N sites, x= 1,2, . . . ,N, the normalized position probability Px evolves towards
an equilibrium state with

Px(t=∞) =
exp(−βUx)∑N
y=1 exp(−βUy)

=
ϕ−2
x∑N

y=1ϕ
−2
y

. (9)

2.2. Scenario II: randomwalk with randomized stepping-times
We aim now to work out a somewhat different dynamical scenario which yields a continuous-time mas-
ter equation with the normalized transition probabilities, rather than the rates. To this end, consider
first an auxiliary random walk problem in which a particle steps at each tick n= 1,2,3, . . . of the clock
between the nearest-neighboring sites of a lattice of integers x. The probability Px(n) of finding the par-
ticle at site x at discrete time moment n is governed by a general equation for a random walk [50] :

Px(n) = px+1,xPx+1(n− 1)+ px−1,xPx−1(n− 1) , (10)

where px+1,x and px−1,x are (time-independent) probabilities that a particle hops from the site x+ 1 or
from the site x− 1, respectively, to the site x. The probabilities of hops from the site x to either of the
neighboring sites are normalized, px,x+1 + px,x−1 = 1, such that the particle cannot pause at x.

Recalling that each site of the lattice hosts a random potential Ux, we define the transition probabili-
ties px,x±1 in the way which resembles the definition of the transition rates in the above Model I, except
that these probabilities are normalized to unity. That being, we stipulate that

px,x+1 = Z−1
x exp

(
β

2

[
Ux −Ux+1

])
,

px,x−1 = 1− px,x+1 = Z−1
x exp

(
β

2

[
Ux −Ux−1

])
,

(11)

where Zx is the normalization,

Zx = exp

(
β

2

[
Ux −Ux+1

])
+ exp

(
β

2

[
Ux −Ux−1

])
. (12)

The transition probabilities px,x+1 and px,x−1 in equation (11) can be also conveniently expressed
through auxiliary variables ϕx in equation (4) to give

px,x+1 =
ϕx−1

ϕx−1 +ϕx+1
, px,x−1 =

ϕx+1

ϕx−1 +ϕx+1
. (13)

6 To prevent any confusion, we refer therefore to this dynamic scenario as the ‘random-force-like’ model, since the term ‘random-force’
model is typically reserved for situations in which the forces themselves are independent and identically distributed random variables.
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Note that the definition of the transition probabilities in equation (11) is essentially the same as in the
‘random walk on a random hillside’ model [6, 7], except that in the latter the potential of the target site
is taken in the middle of the link connecting the host and the target sites. In our model the transition
probabilities involve the values of potentials on the host and the target sites themselves.

Before we proceed, it might be also instructive to formally rewrite equations (11) as

px,x+1 =
1

1+ exp(−βFx−1,x+1)
, px,x−1 =

1

1+ exp(βFx−1,x+1)
, (14)

where Fx−1,x+1 =−(Ux+1 −Ux−1)/2 can be identified as the force acting on the particle being at site x.
In this way, the particle being at site x ‘feels’ only the values of potentials at two adjacent sites and the
probability to jump towards the neighboring site with a lower energy is bigger than the probability to
make a jump in the opposite direction, regardless of the actual value of Ux.

We turn to a randomized stepping-time version of the above model, which will be our Model II. We
suppose now that the random walk evolves in continuous-time and in each realization of the process
the particle steps from the site it occupies at random time instants t1, t2, t3, . . ., where the time-intervals
△1 = t1 − t0, (t0 = 0), △2 = t2 − t1, △3 = t3 − t2, . . ., are iid random variables with the probability
density function

P(△) = exp

(
−△
δt

)
/δt . (15)

The sequence t1, t2, t3, . . . is therefore a Poisson point process with density P(△) and the mean value of
the time-interval between the successive steps is equal to δt, such that the ensuing hopping process is
simply the Montroll–Weiss CTRW [62] (see also [50] for an overview) in which the waiting times are iid
random variables with an exponential distribution.

To define the time-evolution of the position probability Px = Px(t) for Model II, we take advantage of
the analysis in [63] (see also [50]), which showed that for any value of time t the time-evolution of the
latter probability for the above-defined CTRW is governed, in place of the discrete-time equation (10),
by the master equation of the form:

δtṖx(t) = px−1,xPx−1(t)+ px+1,xPx+1(t)− Px(t) , (16)

where the transition probabilities are defined in equation (11) (or equation (14)). The master
equation (16) is Markovian, as the one for the Model I, so that the future evolution is sensitive only to
the present state while detailed history is irrelevant. At first glance, this may seem somewhat surpris-
ing because in the CTRW the particle steps at random time instants and therefore, there is a memory
(albeit a short-ranged) on the time instant when the previous stepping event took place. As shown in
[63], a Poisson point process with the density P(△) in equation (15) is a unique example of a stochas-
tic stepping process for which the Markovian master equation (16), corresponding to the process in
equation (10) with randomized stepping times, is exact.

Note, as well, that equation (16) evidently satisfies detailed balance and its stationary solution on a
periodic chain with N sites (see [73] for the definition of Px(t=∞) in terms of the transition probabil-
ities or rates) has a bit more complicated form than the one in equation (9). For any given sequence of
Ux it reads

Px(t=∞) =
1

2

(
exp

(
−β

2
(Ux−1 +Ux)

)
+ exp

(
−β

2
(Ux +Ux+1)

))

×

 N∑
y=1

exp

(
−β

2
(Uy +Uy+1)

)−1

=
1

2

(
1

ϕx−1ϕx
+

1

ϕxϕx+1

) N∑
y=1

1

ϕxϕx+1

−1

,

(17)

with UN+1 = U1 and ϕN+1 = ϕ1.
We finally remark that although the master equations (8) and (16) have quite different forms, they

reduce to the same conventional Fokker–Planck equation when one turns to the continuous-space limit.
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Figure 1. Four individual short trajectories for the Model I (left panel), Model II (middle panel) and Model III (right panel) for
four values of the parameter βσ (see the inset).

Rewriting equations (8) and (16) for the lattices with an inter-site spacing a and then setting a→ 0, one
finds via a standard procedure that Px(t) obeys

Ṗx(t) = D
d

dx

(
d

dx
Px(t)+βPx(t)

dUx

dx

)
, (18)

where the diffusion coefficient D=W0a2 and D= a2/2δt for the Model I and the Model II, respectively.
Both diffusion coefficients are assumed to be finite in the limit a→ 0, W0 →∞ and δt→ 0. In this
limit, the expressions (9) and (17) for the probabilities of being at site x at time t→∞ in both Models
coincide and are given by the stationary solution of equation (18) in a box of size L,

Px(t=∞) =
exp(−βUx)´ L

0 dxexp(−βUx)
. (19)

At the same time, given the difference between the master equations (8) and (16), we may expect
that the behavior of the above-mentioned disorder-dependent random variables for finite inter-site spac-
ing a will be different for the two models under study. In figure 1, in the left and middle panels, we
depict four trajectories generated using the standard Gillespie algorithm [74] for the Models I and II,
respectively, for four values of the parameter βσ, which indeed show quite a different behavior for the
same values of βσ. The difference becomes more pronounced the larger βσ is.

2.3. Scenario III: Gaussian random trapmodel
In the third scenario, we use the so-called random trap model (see [23–33, 49]), which offers a simpli-
fied yet physically plausible framework for studying slow dynamics, aging and anomalous diffusion in
disordered media. This includes systems such as glasses, spin glasses, disordered solids or other complex
systems characterized by rugged energy landscapes featuring multiple local minima of random depths. In
this context, we assume that each site x hosts a trap with a depth −Ux, Ux being a quenched, negative
definite random variable with the Gaussian probability density function in equation (3). The values of
the depths of traps at different sites are uncorrelated. The particle undergoes activated hopping motion
on this lattice and the time it spends in the trap at site x is governed by the Arrhenius law, meaning that
this time is proportional to exp(−βUx).

The time evolution of the probability Px = Px(t) of finding the particle at site x at a given time
instant t follows the master equation (8) with the transition rates

Wx,x±1 =W0 e
βUx =W0ϕ

2
x . (20)

Notably, the transition rates in this framework depend solely on the depth of the trap at the host site x
and are unaffected by the values Ux±1 that characterize the traps at the neighboring target sites. Such a
model also satisfies detailed balance and on a finite periodic chain with N sites, x= 1,2, . . . ,N, the posi-
tion probability Px approaches an equilibrium value as defined in equation (9), mirroring the behavior
observed in the Model I. In contrast, in the continuous-space limit Px does not obey the Fokker–Planck
equation in equation (18). Instead, it follows a Fokker–Planck equation with a position-dependent diffu-
sion coefficient. Four individual particle’s trajectories generated for the discrete-space Gaussian random
trap model are depicted in the right panel in figure 1 and show a markedly different behavior for suffi-
ciently large values of βσ as compared to the one observed in Models I and II.

6
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3. The realization-dependent currents and the resistances

Consider a finite chain of sites x= 0,1,2, . . . ,N with a fixed sequence of Ux-s. At site x= 0 we introduce
a source of particles which maintains a constant occupation of this site, P0 = c0, while at the opposite
extremity of the chain, i.e., at x= N, we place a perfect sink which removes particles from the system,
PN = 0. Such a system evolves towards a steady-state with a constant current jN to the sink, which is the
following functional of a given sequence of Ux-s (see [59] and appendix A for more details) :

j(I)N =
W0c0

τ
(I)
N

, j(II)N =
c0

2δtτ (II)N

, j(III)N =
W0c0

τ
(III)
N

, (21)

where the superscript indicates the dynamical scenario, while τ
(I)
N , τ (II)N and τ

(III)
N are the corresponding

to each scenario realization-dependent resistances of a finite chain. The identification of these quantities
as effective electrical resistances relies on the well-known isomorphism between Markov chains and resis-
tor networks, a connection extensively detailed in [75]. They are explicitly given by (see appendix A)

τ
(I)
N =

H0,N

ϕ2
0

, τ
(II)
N =

H0,N

ϕ0ϕ1
, τ

(III)
N =

N

ϕ2
0

, (22)

where H0,N is the following functional

H0,N = ϕ0ϕ1 +ϕ1ϕ2 +ϕ2ϕ3 +ϕ3ϕ4 + . . .+ϕN−2ϕN−1 +ϕN−1ϕN . (23)

In the latter expression the subscript 0 corresponds to the first site in the sequence, i.e., x= 0, while the
subscript N—to the last site x= N.

3.1. The moments of resistances
The first two moments of the realization-dependent resistances of the discrete-space finite chains can be
straightforwardly calculated in the leading in the large N limit order, to give

⟨
τ
(I)
N

⟩
= ⟨ϕ⟩2

⟨
1

ϕ2

⟩
N+O(1) = exp

(
3β2σ2/4

)
N+O(1),

⟨(
τ
(I)
N

)2⟩
= ⟨ϕ⟩4

⟨
1

ϕ4

⟩2

N2 +O(N) = exp
(
5β2σ2/2

)
N2 +O(N),

(24)

⟨
τ
(II)
N

⟩
= ⟨ϕ⟩2

⟨
1

ϕ

⟩2

N+O(1) = exp
(
β2σ2/2

)
N+O(1),

⟨(
τ
(II)
N

)2⟩
= ⟨ϕ⟩4

⟨
1

ϕ2

⟩2

N2 +O(N) = exp
(
3β2σ2/2

)
N2 +O(N),

(25)

and ⟨
τ
(III)
N

⟩
=

⟨
1

ϕ2

⟩
N= exp

(
β2σ2/2

)(
1+ erf

(
βσ/

√
2
))

N ,⟨(
τ
(III)
N

)2⟩
=

⟨
1

ϕ4

⟩
N2 = exp

(
2β2σ2

)(
1+ erf

(√
2βσ

))
N2 ,

(26)

where the symbols O(1) and O(N) signify that the omitted terms are independent of N and are linear
with N, respectively, while erf(x) denotes the error function. In equations (24) and (25) the averag-

ing is performed with respect to the probability density function (5), while the moments of τ (III)N are
evaluated by using the analogous function in equation (6). Note that the moments of the resistances

τ
(I)
N and τ

(II)
N exhibit a super-Arrhenius dependence on the temperature for any value of the parameter

βσ, while the moments of τ (III)N show the super-Arrhenius behavior only for βσ →∞, in which limit⟨
τ
(III)
N

⟩
≃ 2exp(β2σ2/2)N. For small values of βσ, in the Taylor series expansion of τ (III)N the first sub-

dominant term is linear with βσ,

⟨
τ
(III)
N

⟩
≃

(
1+

√
2

π
βσ+

β2σ2

2
+O

(
β3σ3

))
N . (27)

7
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Figure 2. The relative variances Rτ of the resistances τN in the Models I (left panel), II (middle panel) and III (right panel) as
functions of βσ. Solid curves are our analytical predictions in equations (28) to (30) for N=∞, while the symbols depict Rτ

evaluated by a numerical averaging of τN and τ 2
N for finite values of N (see the insets).

From equations (24) and (25) we find that the corresponding relative variances in equation (1) obey

Rτ(I) =
⟨(

τ
(I)
N

)2⟩/⟨
τ
(I)
N

⟩2
− 1= exp

(
β2σ2

)
− 1+O(1/N) , (28)

Rτ(II) =
⟨(

τ
(II)
N

)2⟩/⟨
τ
(II)
N

⟩2
− 1= exp

(
β2σ2/2

)
− 1+O(1/N) , (29)

while for the Model III the relative variance is independent of N and is given by a more complicated
expression of the form

Rτ(III) =
⟨(

τ
(III)
N

)2⟩/⟨
τ
(III)
N

⟩2
− 1=

(
1+ erf

(√
2βσ

))(
1+ erf

(
βσ/

√
2
))2 exp(β2σ2

)
− 1 . (30)

The above equations (28) and (29) imply that the resistances in Models I and II are not self-averaging
in the limit N→∞. The resistance in the Model III is not self-averaging for any value of N. Moreover,
in all three Models the relative variances Rτ show an unbounded growth with βσ, which signifies that
fluctuations become more important the larger the disorder is. The behavior of Rτ for all three Models
is depicted in figure 2. Below we will show that such a lack of self-averaging is essentially the boundary
effect.

3.2. The limit distributions of the resistances and their typical values
To get an idea why the resistances are not self-averaging in all three Models, we seek their probabil-
ity density functions. We start with Model I. The limiting for N→∞ form of the probability density

function of τ (I)N can be evaluated following the standard approach: We first consider a reduced random
variable

τ (I) =
τ
(I)
N

N
, (31)

and focus on the form of its moment-generating function in the limit N→∞,

Φ(τ (I)) = lim
N→∞

⟨
exp
(
−λτ (I)

)⟩
, λ⩾0 , (32)

where the angle brackets denote the averaging over all random variables ϕx. Once Φ(τ (I)) is known, the
probability density function P(τ (I)) obtains by a mere inversion of the Laplace transform.

We formally split the averaging over all sites in equation (32) into the averaging over the variables ϕx

for all the ‘bulk’ sites x= 1,2,3, . . . ,N, and the averaging over the variable ϕ0, such that

Φ(τ (I)) = lim
N→∞

⟨⟨
exp
(
−λτ (I)

)⟩
bulk

⟩
0

= lim
N→∞

⟨⟨
exp

(
− λ

Nϕ2
0

H0,N

)⟩
bulk

⟩
0

,
(33)

We notice next that H0,N in equation (23) is self-averaging. Indeed, we have⟨
H0,N

⟩
bulk

= ⟨ϕ⟩2N+O(1) ,⟨
H2

0,N

⟩
bulk

= ⟨ϕ⟩4N2 +O(N) ,
(34)

8
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such that

RH = O(1/N) (35)

and hence, it vanishes in the limit N→∞. This implies that the Jensen gap also vanishes in this limit
and

Φ(τ (I)) =

⟨
exp

(
−λ⟨ϕ⟩2

ϕ2
0

)⟩
0

. (36)

Hence, the probability density function of τ (I) obeys

P(τ (I)) =

⟨
δ

(
τ (I) −

eβ
2σ2/4

ϕ2
0

)⟩
0

=
1√

2πβ2σ2
(
τ (I)
)3/4 exp

(
−β2σ2

32
−

ln2
(
τ (I)
)

2β2σ2

)
, 0⩽τ (I) <∞ .

(37)

One can straightforwardly check that the first two moments of this function coincide with those defined
in equation (24).

The corresponding probability density function of the resistance in the Model II can be calculated
using essentially the same kind of arguments. In doing so, we find

P(τ (II)) =

⟨
δ

(
τ (II) −

eβ
2σ2/4

ϕ0ϕ1

)⟩
x=0,1

=
1√

πβ2σ2
(
τ (II)

)1/2 exp
(
−β2σ2

16
−

ln2
(
τ (II)

)
β2σ2

)
, 0⩽τ (II) <∞ .

(38)

It is easy to find that the first two moments of the latter probability density function are given precisely
by equation (25). Note, as well, that the probability density functions in equations (37) and (38) have
the form of the log-normal distribution as the parental form in equation (5), and differ from it (and
between themselves) only in the pre-exponential algebraic dependence on the reduced resistance and by
the normalizations.

Lastly, for the Model III the probability density function of the variable τ (III) = τ
(III)
N /N is calculated

very straightforwardly. Using equation (6), we find the log-normal distribution of the form

P(τ (III)) =

√
8

πβ2σ2

ˆ 1

0

dϕ

ϕ
δ

(
τ (III) −

1

ϕ2

)
exp

(
− 2

β2σ2
ln2(ϕ)

)
=

√
2

πβ2σ2

1

τ (III)
exp

(
−
ln2
(
τ (III)

)
2β2σ2

)
, 1⩽τ (III) <∞ .

(39)

Figure 3 illustrates the probability density functions given in equations (37)–(39), along with numer-
ically constructed histograms for the random variable τ . The comparison shows an excellent agreement
between our analytical predictions and the numerical results.
We close this subsection with the following three remarks:

– The resistances in the Models I and II are not self-averaging in the limit N→∞, while the resistance
in the Model III is not self-averaging for any N. The resistances exhibit significant fluctuations with
the relative variances becoming very large when βσ is large.

– The lack of self-averaging is solely due to fluctuations of the on-site potentials at the site x= 0 (for
Models I and III) and at the sites x= 0,1 (for Model II). The contributions of the sites in the bulk of
the chain are self-averaging for Models I and II, and is constant, i.e., non-fluctuating for the Model III.

– Given the lack of self-averaging of the resistances, it is instructive to consider their typical behavior
which should be observed for most of realizations of sequences of Ux and can be accessed by calculat-
ing the averaged logarithm of τ . Using the expressions (37) and (38), we determine this property to
get the following super-Arrhenius function of the temperature for the Models I and II:

τ (I and II)
typ = exp

(⟨
ln(τ (I and II))

⟩)
= exp

(
β2σ2

4

)
. (40)
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Figure 3. The probability density functions of the reduced resistance τ for the Models I (panel (a)), II (panel (b)) and III (panel
(c)). The histograms present the results of a numerical analysis of the random variable τ . The enveloping dashed (red) curve
depicts our analytical predictions in equations (37)–(39), respectively. Vertical dashed lines indicate the typical values of τ (see
equations (40) and (41)).

Unexpectedly, the typical value of τ is the same for both Models, despite the fact that their moments
grow with βσ at different rates. The typical value is smaller than the averaged ones, which signifies that
the averaged values are supported by some atypical realizations of sequences of the on-site potentials.

Concurrently, for the Model III we find

τ
(III)
typ = exp

(⟨
ln(τ (III))

⟩)
= exp

(√
2

π
βσ

)
. (41)

Surprisingly, the typical resistance of a finite chain in the Gaussian random trap model exhibits the
Arrhenius dependence on the temperature, in striking contrast to the behavior observed in Models I
and II. The typical values of τ are indicated in figure 3 by vertical dashed lines. We observe that for the
Models I and II the values of τ typ appear very close to the most probable values of this variable, while
for the Model III it is also close to the left edge of the support at which the probability density function
attains its maximal value.

3.3. Probability currents
Consider equations (21) and conveniently rewrite them in terms of the reduced random variables τ :

j(I)N =

(
W0c0
N

)
1

τ (I)
, j(II)N =

( c0
2δtN

) 1

τ (II)
, j(III)N =

(
W0c0
N

)
1

τ (III)
, (42)

where the terms in the brackets can be identified as currents in the absence of disorder. We find next
from the expressions (37)–(39) that the large-N asymptotic behavior of the moments of the currents in
Models I and II is given explicitly by⟨(

j(I)N

)q⟩
=

(
W0c0
N

)q

eq(2q−1)β2σ2/4,⟨(
j(II)N

)q⟩
=
( c0
2δtN

)q
eq(q−1)β2σ2/4,

(43)

while for the Model III the exact result, valid for all N, follows⟨(
j(III)N

)q⟩
=

(
W0c0
N

)q

eq
2β2σ2/2erfc(qβσ/

√
2) , (44)

where erfc(x) is the complementary error function. From the above expressions we readily find that the
relative variances of the currents obey

Rj(I) = exp
(
β2σ2

)
− 1 ,

Rj(II) = exp
(
β2σ2/2

)
− 1 ,

Rj(III) =
erfc(

√
2βσ)

erfc2(βσ/
√
2)

exp
(
β2σ2

)
− 1 ,

(45)

10
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Figure 4. The disorder-averaged versus typical currents (multiplied by N) through a finite interval with N sites for the Models
I (left panel), II (middle panel) and III (right panel). The black solid curves depict our analytical predictions for the averaged
currents in equations (43) and (44) (with q= 1). The red solid curves depict the typical currents in equations (47) and (48).
Symbols present the results of a numerical averaging of jN in equations (42) and the results for an exponentiated averaged ln jN
(see the inset).

which implies that the currents, likewise the resistances, are not self-averaging in all three Models.
Moreover, the corresponding relative variances of the current are monotonically increasing functions of
the parameter βσ.

Upon a closer look on the expressions (43) and (44) we notice that the disorder-average currents in
the three Models under study exhibit distinctly different behavior as functions of βσ (see figure 4): in

the Model I the disorder-averaged current
⟨
j(I)N

⟩
is a monotonically increasing function of βσ. This is

apparently not very counter-intuitive at the first glance. Indeed, one can imagine such realizations of dis-
order in which, upon an increase of βσ, we increase the magnitude of random forces which push the
particle to move along the chain towards the site x= N. Concurrently, the disorder-averaged current
in the Model II is independent of disorder and has precisely the form of the standard Fickian result for
the current in a homogeneous system. This means that evidently in the Model II some very particular,
anomalous realizations of disorder control the value of the disorder-averaged current. A similar behav-
ior has been observed previously in [59] for a somewhat different model. On the contrary, in Model III
the current is a monotonically decreasing function of βσ. In the leading order in the limit βσ →∞ the
disorder-averaged current in the Gaussian random trap model exhibits a power-law dependence on dis-
order of the form ⟨

j(III)N

⟩
≃
(
W0c0
N

)√
2

π

1

βσ
. (46)

In fact, this is again not a counter-intuitive behavior. Indeed, increasing the value of βσ we increase the
depths of traps such that the retention times become larger.

It is important also to compare the behavior of averaged properties against the typical behavior,
which should be observed for a majority of realizations of disorder. The typical behavior of the currents
can be accessed by merely noticing that, up to the prefactors, in each Model ln jN =− lnτN, and by using
then our equations (40) and (41). We find that for the Models I and II the typical behavior follows
universally

j(I and II)
typ = exp

(⟨
ln j(I and II)

N

⟩)
∼ e−β2σ2/4, (47)

i.e., the typical current in these two Models is characterized by the same decreasing, super-Arrhenius
function of disorder and the temperature and therefore, is much smaller than the averaged currents in
equations (43). Such a strong ‘reduction’ of the current is apparently due to the fact that in typical real-
izations of disorder a particle will always get localized between two sites at which sufficiently large forces
point in the opposite directions. Further on, we find that in the Model III the typical current obeys

j(III)typ = exp
(⟨

ln j(III)N

⟩)
∼ exp

(
−
√

2

π
βσ

)
, (48)

i.e., is an exponential Arrhenius function of βσ, in place of the power-law dependence predicted in
equation (46). The typical current in this Model also appears to be much smaller than the averaged one.

11
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Expressions (47) and (48) highlight a significant difference between the typical and averaged behavior
showing that actually in all scenarios the averaged behavior is supported by atypical realizations of dis-
order. Behavior of the typical currents is confronted against the one of the averaged currents in figure 4,
which substantiates the above discussion.

3.4. Sample-to-sample fluctuations of the resistances and currents
On example of Model I we discuss the behavior of yet another characteristic property which highlights
the role of sample-to-sample fluctuations showing how disproportionally different, or conversely, similar
can be the values of resistances (or currents) observed in two different samples. Following [76, 77], we
consider two finite chains of the same length N with two different realizations of the sequences of the
on-site potentials Ux. We assume next that the values of the reduced resistances defined in equation (31)
are τ 1 and τ 2, respectively, and the corresponding values of the currents are j1 and j2. For brevity, we
skip the subscript (I) in what follows as well as the subscript N. Then, we construct a random variable

ω =
τ 1

τ 1 + τ 2
=

j2
j1 + j2

, (49)

which defines a relative contribution of either of the resistances (currents) to their sum. We seek next
the probability density function P(ω) of this random variable with the support on (0,1). Note that
because the probability density functions of the resistances have very similar forms (see equations (37)–
(39)), we do not expect any significant difference of the behavior of P(ω) for the three models under
study and therefore, constrain our analysis for the Model I only.

Clearly, the first moment of this random variable ⟨ω⟩= 1/2, by symmetry, but this result can be
meaningful or misleading depending on the shape of P(ω). If P(ω) is unimodal and centered at ω = 1/2,
this will signify that it is most likely that τ 1 ≈ τ 2 and sample-to-sample fluctuations are not very impor-
tant. If, on the contrary, P(ω) is bimodal and has a minimum at ω = 1/2, this will imply that most
likely τ 1 and τ 2 are disproportionally different, despite the fact that averaged value of ω is equal to 1/2.

In order to calculate P(ω) we consider first its moment-generating function

Φω =
⟨
exp(−λω)

⟩
=

ˆ ∞

0
dτ 1

ˆ ∞

0
dτ 2 exp

(
−λ

τ 1
τ 1 + τ 2

)
P(τ 1)P(τ 2) ,

(50)

where P(τ) is defined in equation (37). Changing formally the integration variable τ 1 → ω,
equation (49), we have

Φω =

ˆ 1

0

dω

(1−ω)2
e−λω

ˆ ∞

0
τ 2 dτ 2P(τ 2)P

(
ω

1−ω
τ 2

)
, (51)

from which we can readily read of the desired probability density function

P(ω) =
1

(1−ω)2

ˆ ∞

0
τ 2 dτ 2P(τ 2)P

(
ω

1−ω
τ 2

)
=

1

2
√
πβ2σ2ω(1−ω)

exp

(
− ln2 (ω/(1−ω))

4β2σ2

)
.

(52)

This probability density function is depicted in figure 5 for three values of the parameter βσ. We
observe that for a relatively small disorder, i.e., for βσ = 0.1, P(ω) is unimodal and centered at ω = 1/2.
This signifies that for a small disorder it is indeed most likely that the values of resistances (or currents)
observed in two randomly chosen samples are very close to each other. Upon an increase of βσ, for
βσ = 1, we encounter a different behavior when the central part of P(ω) becomes flat and ω = 1/2 is
no longer the most probable value. In this situation, (almost) any relation between the two resistance
becomes equally probable. Increasing βσ further, we have that already for βσ = 1.2 the probability den-
sity function becomes bimodal with two maxima close to ω = 0 and ω = 1. Here, ω = 1/2 corresponds
not to the most probable but to the least probable value. This signifies that the resistance (or currents)
observed in two sample are most likely disproportionally different and sample-to-sample fluctuations are
very significant.
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Figure 5. Sample-to-sample fluctuations. Probability density function P(ω) in equation (52) as function of ω for βσ = 0.1 (blue
curve), βσ = 1 (magenta curve) and βσ = 1.2 (green curve).

4. The realization-dependent splitting probability

Consider a one-dimensional chain composed of N+ 1 sites labeled x= 0,1, . . . ,N. Suppose that the par-
ticle starts at site x= x0 and performs a CTRW with site-dependent transition rates Wx,x+1 (to the right,
x→ x+ 1) and Wx,x−1 (to the left, x→ x− 1). The sites x= 0 and x= N at the boundaries are absorb-
ing, meaning that once the particle reaches either boundary, it remains there forever. We focus here on
the so-called splitting probability E−(x0); that is, the probability that a particle starting from the site x0 is
eventually absorbed at the left boundary x= 0 before ever reaching the right boundary x= N.

In appendix B we show that the realization-dependent splitting probability admits the following com-
pact representation,

E−(x0) =
τ+N−x0

τ−x0 + τ+N−x0

, (53)

where τ+x0 and τ−N−x0 are the resistances of the intervals (0,x0 − 1) and (x0 + 1,N) from the left and from
the right of the starting point x0, respectively. These realization-dependent resistances are defined explic-
itly by rather lengthy expressions (see equations (B.8)) which we present in appendix B. An analogous
expression for the continuous-space system can be found in [45].

As shown in appendix B, the realization-dependent splitting probability for Model III is trivially
E−(x0) = 1− x0/N, i.e., it is not a fluctuating property and is the same as in homogeneous systems
without disorder [66]. Concurrently, for the Models I and II the splitting probabilities do depend on
disorder and for both Models are given by

E−(x0) =
Hx0,N

H0,N
, (54)

where the function Hx0,N is defined by equation (23) with the first index replaced by x0. A straightfor-
ward analysis shows that in the joint limit N, x0 →∞ with the ratio α= x0/N kept fixed,

1

N

N−1∑
x=0

ϕxϕx+1 −−−−→
N→∞

⟨ϕ⟩2, 1

N− x0

N−1∑
x=x0

ϕxϕx+1 −−−−−→
N,x0→∞

⟨ϕ⟩2,

almost surely. As a consequence, the realization-dependent splitting probability self-averages in this limit
and converges to

E−(x0)≃ 1− x0
N
, (55)

with vanishing sample-to-sample fluctuations.
In figure 6 we show the splitting probability as a function of the scaled position α= x0/N. The top

row (left panel) displays the realization-dependent E−(x0) given by equation (53), evaluated for a single
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Figure 6. The splitting probability E−(x0) as function of α= x0/N. Top row: The splitting probability in equation (54) for a
given realization of disorder on a chain with N= 105 sites for different temperatures (left panel). Numerically-evaluated first
moment of the splitting probability for several values of N at fixed inverse temperature β = 10 (right panel). In both panels the
dashed line depicts the analytical prediction in equation (55). Bottom row: Relative variance RE = Var(E−(x0))/⟨E−(x0)⟩2 for
β = 2 and several values of N.

randomly generated disorder realization on a chain of 105 sites, at several temperatures. At the lowest
temperature (T= 0.01), the sum H0,N is entirely dominated by its largest term. As a result, the splitting
probability takes the form of a step function: E−(x0) = 1 up to a critical realization-dependent value of
α, beyond which it drops abruptly to zero. When the temperature is increased by an order of magni-
tude, subdominant contributions to H0,N become relevant. Consequently, E−(x0) develops a descend-
ing staircase-like structure as a function of α, with each plateau corresponding to dominance of dif-
ferent terms in the sum. Upon further increase of the temperature, the realization-dependent fluctu-
ations are progressively smoothed out. In this regime, the realization-dependent splitting probability
becomes nearly indistinguishable from that of a homogeneous system, recovering the linear behavior
E−(x0) = 1−α [66]. Next, the top-right panel of figure 6 shows the numerically evaluated disorder-
averaged splitting probability for several values of N at a fixed temperature. We find that all curves are
nearly indistinguishable from the asymptotic prediction in equation (55), indicating that size-dependent
corrections remain very small, even at the relatively low temperature T= 0.1. Lastly, the bottom row of
figure 6 displays the relative variance of the realization-dependent splitting probability as a function of
α= x0/N for several values of N (see inset), at a fixed inverse temperature β = 2. Away from the bound-
aries α= 0 and α= 1, where E− equals 1 and 0, respectively, and hence RE ≡ 0, the relative variance is
nonzero for finite N but decreases systematically as N increases. In the limit N→∞, RE vanishes, indi-
cating that the splitting probability becomes self-averaging. We note finally that the exact expressions for
the splitting probability derived in this section can alternatively be obtained by applying the general for-
malism for random walks with spatially inhomogeneous hopping probabilities detailed in [78].

5. The realization-dependent mean first-passage times

Consider a finite chain with N+ 1 sites x, x= 0,1, . . . ,N, in which the site x= N is the ‘target’.
A particle starts from the site at the left extremity of the chain, i.e., from x= 0, performs a
random walk in a continuous-time between the nearest-neighboring sites of the chain and
reaches for the first time the right extremity at some random time instant, which is called the
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first-passage time to N. The mean first-passage time TN, with the averaging being performed over all
possible realizations of the random walk process for a fixed realization of the transition rates Wx,x±1, is
an important characteristic property of random transport processes which has been amply analyzed in
the past (see, e.g., [48–50, 65–69]). A comprehensive and systematic derivation of the expressions for
the mean first-passage time discussed below can also be obtained from the general formal solutions pre-
sented in [78].

Here we follow an early work [70] in which an explicit expression for TN has been derived for
the continuous-time and discrete-space master equation for the general form of the transition rates.
Adapting this result to our notations, one has

TN =
ηN
θN

N−1∑
j=0

θj −
N−1∑
j=0

ηj , (56)

where

θ0 = 1 , θj =
W0,1W1,2W2,3 . . .Wj−1,j

W1,0W2,1W3,2 . . .Wj,j−1
,

η0 = 0 , ηj =
1

Wj,j−1

[
1+

Wj−1,j

Wj−1,j−2
+

Wj−1,jWj−2,j−1

Wj−1,j−2Wj−2,j−3
+ . . .+

Wj−1,jWj−2,j−1Wj−3,j−2 . . .W1,2

Wj−1,j−2Wj−2,j−3Wj−3,j−4 . . .W1,0

]
.

(57)

For the Model I the rates are defined in equation (7), while for the Model II we have Wx,y = px,y/δt with
the transition probabilities px,y defined in equation (11).

For the Model I we find

θj ⩾0 =
ϕ2
0

ϕ2
j

, ηj ⩾1 =
H0,j

W0ϕ2
j

=
1

W0ϕ2
j

j−1∑
x=0

ϕxϕx+1 ,η0 = 0 , (58)

such that the realization-dependent mean first-passage time is given by

T (I)
N =

1

W0

N−1∑
j=0

1

ϕ2
j

N−1∑
x=j

ϕxϕx+1 . (59)

Correspondingly, the first two moments of T(I)
N are given by

⟨
T (I)
N

⟩
=

N2

2W0

⟨
1

ϕ2

⟩
⟨ϕ⟩2 +O(N) =

N2

2W0
e3β

2σ2/4 +O(N) ,

⟨(
T (I)
N

)2⟩
=

N4

4W2
0

⟨
1

ϕ2

⟩2

⟨ϕ⟩4 +O
(
N3
)
=

N4

4W2
0

e3β
2σ2/2 +O

(
N3
)
.

(60)

Turning to the Model II and noting that the transition probabilities depend on the on-site potentials at
both neighboring sites, we have to define Ux=−1 and Ux=N+1. For simplicity, we suppose that we have
impermeable barriers at these two sites such that Ux=−1 = Ux=N+1 =∞ and hence, ϕ−1 = ϕN+1 =∞.
Then, after some algebra we have

η0 = 0 , ηj ⩾1 = δt

(
1

ϕj−1ϕj
+

1

ϕjϕj+1

)
H0,j = δt

(
1

ϕj−1ϕj
+

1

ϕjϕj+1

) j−1∑
x=0

ϕxϕx+1 ,

θj = ϕ0ϕ1

(
1

ϕj−1ϕj
+

1

ϕjϕj+1

)
.

(61)

Inserting the above equations into equation (56), we get the following expression for the realization-
dependent mean first-passage time

T (II)
N = δt

N−1∑
j=0

(
1

ϕj−1ϕj
+

1

ϕjϕj+1

)N−1∑
x=j

ϕxϕx+1 . (62)
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Averaging the expression (62) we find

⟨
T (II)
N

⟩
=

(2δt)N2

2

⟨
1

ϕ

⟩2

⟨ϕ⟩2 +O(N) =
(2δt)N2

2
eβ

2σ2/2 +O(N) ,

⟨(
T (II)
N

)2⟩
=

(2δt)2N4

4W2
0

⟨
1

ϕ

⟩4

⟨ϕ⟩4 +O
(
N3
)
=

(2δt)2N4

4
eβ

2σ2

+O
(
N3
)
.

(63)

Lastly, we turn to the Model III for which the rates obey equation (20) and hence,

θj ⩾0 =
ϕ2
0

ϕ2
j

, ηj ⩾0 =
j

W0ϕ2
j

, (64)

such that the realization-dependent mean first-passage time attains a very compact form

T(III)
N =

1

W0

N−1∑
j=0

(N− j)

ϕ2
j

. (65)

Respectively, the first and second moments of T(III)
N evaluated by averaging the above expression with the

probability density function in equation (6) are given by⟨
T (III)
N

⟩
=

N(N+ 1)

2W0
eβ

2σ2/2
(
1+ erf

(
βσ/

√
2
))

,⟨(
T (III)
N

)2⟩
=

(N− 1)N(N+ 1)(3N+ 2)

12W2
0

eβ
2σ2
(
1+ erf

(
βσ/

√
2
))2

+
N(2N2 + 3N+ 1)

6W2
0

e2β
2σ2
(
1+ erf

(√
2βσ

))
.

(66)

It is then straightforward to conclude that for all three models the relative variance of the realization-
dependent mean first-passage times obeys

RT = O(1/N) , (67)

which means that these properties are self-averaging in the limit N→∞. However, as we have already
remarked, this just shows the trend that fluctuations become relatively less important the farther the
target is located away from the starting point. For all practically important applications N is essen-
tially finite and fluctuations are therefore important. In particular, in the physically relevant problem
of protein target search on DNA, sequence-dependent binding energies generate a random energy land-
scape with experimentally inferred disorder strengths typically in the range βσ ∼ 1− 5 [42]. Moreover,
the distances explored during individual sliding events are usually of the order of N∼ 10− 103 base
pairs. Consequently, the non-self-averaging effects predicted by our theory are not merely of theoreti-
cal interest but may have observable consequences for protein search kinetics in heterogeneous genomic
environments.

In figure 7 we present numerically-evaluated probability density functions of the realization-
dependent reduced mean first-passage times T= TN/N2 for several values of the distance N to the target
and three models under study. We observe that, in full accord with our prediction in equation (67), the
probability density functions become narrower and more sharply peaked at the disorder-averaged values
of the mean first-passage times, the larger N is.

6. The realization-dependent diffusion coefficient

Most of existing analyses of the effective diffusion coefficient of particles diffusing in a random Gaussian
potential focus on one-dimensional, periodic, continuous-space systems with period L (see, e.g., [10,
51]). These studies often build upon the well-known expression for the effective diffusion coefficient
in a periodic continuum with an arbitrary potential Ux, originally derived by Lifson and Jackson [71]
(see also [72])

DL =
D0L2´ L

0 dxeβUx
´ L
0 dye−βUy

, (68)
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Figure 7. Numerically-evaluated normalized probability density functions of the reduced mean first-passage times T= TN/N2

for the Models I (left panel), II (middle panel) and III (right panel) and different values of the distance N to the target (see the
insets). Vertical dashed lines indicate positions the disorder-averaged mean first passage times.

where D0 is the diffusion coefficient in absence of the external potential Ux. Averaging the above expres-
sion and going to the limit L→∞, in order to describe the behavior in infinitely large systems, several
notable results have been obtained. In particular, it was shown that for a Gaussian random potential
with the probability density function in equation (2) one has [8] (see also [51] for a review)⟨

DL

⟩
= D0 e

−β2σ2

. (69)

This result demonstrates that the diffusion coefficient decreases in the presence of a Gaussian random
potential—a physically intuitive outcome. Remarkably, the reduction factor takes the form of a sim-
ple exponential function of β2σ2, exhibiting therefore a pronounced super-Arrhenius dependence on
temperature.

In this section we seek for the analogues of the result in equation (68) for the random walks on dis-
crete periodic chains with N sites and also for different types of dynamics, as defined in our Models I,
II and III. To this end, we will make use of Derrida’s general, though rather intricate, expression for
the effective diffusion coefficient DN, valid for an arbitrary set of transition rates [4]. In appendix C
we present details of the derivation of DN for the three models under study. Then, we will deter-
mine the moments of DN, discuss their dependence on βσ and on this basis will demonstrate that the
realization-dependent diffusion coefficient is self-averaging in the limit N→∞, regardless of the dynam-
ical scenario.

6.1. Model I: random force-like model
In appendix C we show that for such a model the Derrida’s formula [4] reduces to the following
expression

DN =
W0N2∑N

x=1 e
−βUx

∑N
y=1 e

β
2 (Uy+Uy+1)

=
W0N2∑N

x=1ϕ
−2
x
∑N

y=1ϕyϕy+1

,UN+x = Ux . (70)

The above expression does not have an apparent symmetry Ux →−Ux, unlike the original Lifson–
Jackson formula (68), but converges to it if we rewrite equation (70) for an arbitrary inter-site spacing
a and then turn to the continuous-space limit a→ 0.

We introduce next an auxiliary function

Θ
(I)
N (λ1,λ2) =

⟨
exp
(
−Ψ

(I)
N (λ1,λ2)

)⟩
, (71)

where

Ψ
(I)
N (λ1,λ2) =

λ1

N

N∑
x=1

ϕ−2
x +

λ2

N

N∑
x=1

ϕxϕx+1 . (72)

One may readily notice that the moments of the realization-dependent diffusion coefficient in

equation (70) can be evaluated by a mere integration of Θ(I)
N (λ1,λ2),⟨

Dq
N

⟩
=

Wq
0

Γ2(q)

ˆ ∞

0

ˆ ∞

0
dλ1 dλ2(λ1λ2)

q−1Θ
(I)
N (λ1,λ2) . (73)

17



J. Phys. A: Math. Theor. 59 (2026) 335001 S Kalaj et al

We turn to the limit N→∞ and consider the first two moments of the functional Ψ(I)
N (λ1,λ2).

These moments can be evaluated very straightforwardly to give

⟨
Ψ

(I)
N (λ1,λ2)

⟩
= λ1

⟨
1

ϕ2

⟩
+λ2 ⟨ϕ⟩2⟨(

Ψ
(I)
N (λ1,λ2)

)2⟩
= λ2

1

⟨
1

ϕ2

⟩2

+λ2
2 ⟨ϕ⟩

4
+ 2λ1λ2

⟨
1

ϕ2

⟩
⟨ϕ⟩2 +O(1/N) .

(74)

Since the leading terms in the second equation can be expressed as the square of the right-hand-side of

the first equation, it follows that the function Ψ
(I)
N (λ1,λ2) is self-averaging in the limit N→∞, such

that

Θ
(I)
N→∞(λ1,λ2) = exp

(
−λ1

⟨
1

ϕ2

⟩
−λ2 ⟨ϕ⟩2

)
. (75)

Consequently, the moments of DN in an infinite system obey

⟨
Dq

N→∞

⟩
=

Wq
0

⟨1/ϕ2⟩q ⟨ϕ⟩2q
=Wq

0 exp
(
−3qβ2σ2/4

)
. (76)

The effective diffusion coefficient is therefore self-averaging in the limit N→∞.

6.2. Model II: randomwalks with randomized stepping-times
In appendix C we show that for this model the realization-dependent diffusion coefficient obeys the
following symmetric form

DN =
N2

2δt
(∑N

x=1 e
− β

2 (Ux+Ux+1)
)(∑N

y=1 e
β
2 (Uy+Uy+1)

)
=

N2

2δt
∑N

x=1

1

ϕxϕx+1

∑N
y=1ϕyϕy+1

,Ux = Ux+N ,
(77)

which resembles the Lifson–Jackson formula but with a rather non-evident ‘discretization’ scheme. This
compact form preserves the symmetry Ux →−Ux and reduces to the expression (68) upon the passage
to the continuous-space limit.

As above, we introduce an auxiliary function

Θ
(II)
N (λ1,λ2) =

⟨
exp
(
−Ψ

(II)
N (λ1,λ2)

)⟩
, (78)

where Ψ(II)
N (λ1,λ2) is now given by

Ψ
(I)
N (λ1,λ2) =

λ1

N

N∑
x=1

1

ϕxϕx+1
+

λ2

N

N∑
x=1

ϕxϕx+1 . (79)

Once this function is determined, the moments of DN of an arbitrary (not necessarily integer) order q
are then simply given by the integral

⟨
Dq

N

⟩
=

1

(2δt)qΓ2(q)

ˆ ∞

0

ˆ ∞

0
dλ1dλ2(λ1λ2)

q−1Θ
(II)
N (λ1,λ2) . (80)

Further on, we consider the first two moments of the functional Ψ(II)
N (λ1,λ2) to get

⟨
Ψ

(II)
N (λ1,λ2)

⟩
= λ1

⟨
1

ϕ

⟩2

+λ2 ⟨ϕ⟩2⟨(
Ψ

(II)
N (λ1,λ2)

)2⟩
= λ2

1

⟨
1

ϕ

⟩4

+λ2
2 ⟨ϕ⟩

4
+ 2λ1λ2

⟨
1

ϕ

⟩2

⟨ϕ⟩2 +O(1/N) .

(81)
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Again, we observe that the leading terms in the equation in the second line are just the full square of

the right-hand-side of the equation in the first line, which signifies that the functional Ψ(II)
N (λ1,λ2) is

self-averaging in the limit N→∞. As a consequence,

Θ
(I)
N→∞(λ1,λ2) = exp

(
−λ1

⟨
1

ϕ

⟩2

−λ2 ⟨ϕ⟩2
)

, (82)

such that the moments of the effective diffusion coefficient in an infinite system read

⟨
Dq

N→∞

⟩
=

1

(2δt)q ⟨1/ϕ⟩2q ⟨ϕ⟩2q
=

1

(2δt)q
exp
(
−qβ2σ2/2

)
. (83)

The effective diffusion coefficient is evidently self-averaging in the limit N→∞.
We close these two subsections with the following two remarks:

– Neither the expression (76) nor the expression (83) reproduce exactly the result in equation (69),
obtained in [8] for the continuous-space expression for the effective diffusion coefficient in
equation (68): both dynamical scenarios yield indeed a simple exponential, super-Arrhenius depen-
dence on β2σ2 but predict somewhat different values of the numerical factors.

– At the same time, a ‘direct’ discretization of the continuous-space Lifson–Jackson formula (68) gives

DN =
D0N2∑N

x=1 e
βUx
∑N

y=1 e
−βUy

=
D0N2∑N

x=1ϕ
2
x

∑N
y=1ϕ

−2
y

. (84)

Using the above arguments about the self-averaging in the limit N→∞, we find that⟨
Dq

N→∞

⟩
= Dq

0 exp
(
−qβ2σ2

)
, (85)

which gives precisely the expression (69) for q= 1. On the other hand, we could not find (and doubt
if they exist) the transition rates Wx,x±1 for the microscopic stochastic dynamics on the discrete lattice
which will give exactly the form in equation (84).

6.3. Model III: Gaussian random trapmodel
We show in appendix C that within this dynamical scenario the realization-dependent effective diffusion
coefficient attains a particularly simple form:

DN =
W0N∑N

x=1 e
−βUx

=
W0N∑N
x=1ϕ

−2
x

. (86)

As above, our next step consists in introducing an auxiliary function

Θ(III)(λ) = lim
N→∞

⟨
exp

(
− λ

N

N∑
x=1

ϕ−2
x

)⟩
, (87)

such that the moments of DN→∞ can be obtained by performing the integral

⟨
Dq

N→∞

⟩
=

Wq
0

Γ(q)

ˆ ∞

0
λq−1 dλΘ(III)(λ) (88)

The auxiliary function Θ(III)(λ) can be calculated very straightforwardly to give

Θ(III)(λ) = lim
N→∞

[ˆ 1

0
dϕ e−λ/Nϕ2

P−(ϕ)

]N
= lim

N→∞

[
1−
ˆ 1

0
dϕ
(
1− e−λ/Nϕ2

)
P−(ϕ)

]N
= exp

(
−λ

ˆ 1

0

dϕ

ϕ2
P−(ϕ)

)
= exp

(
−λeβ

2σ2
(
1+ erf

(
βσ/

√
2
)))

.

(89)

19



J. Phys. A: Math. Theor. 59 (2026) 335001 S Kalaj et al

Figure 8. Numerically-evaluated normalized probability density functions of the effective diffusion coefficients for the Models
I (left panel), II (middle panel) and III (right panel) for different values of N ranging from N= 16 to N= 1024 (see the insets).
Vertical dashed lines indicate the limiting (N→∞) values of the disorder-averaged diffusion coefficients (see equations (76),
(83) and (90) with q= 1).

Inserting the latter expression into equation (88) and performing the integral, we find⟨
Dq

N→∞

⟩
=

Wq
0(

1+ erf
(
βσ/

√
2
))q e−qβ2σ2/2 . (90)

One can readily check directly that also for the Model III the diffusion coefficient is self-averaging in the
limit N→∞.

Finally, for all three models, we numerically compute the probability density functions of the dif-
fusion coefficients for several values of N. As shown in figure 8, the distributions become progressively
narrower and increasingly concentrated around the disorder-averaged diffusion coefficients (indicated by
the vertical dashed lines) as N grows.

7. Conclusions

In conclusion, we have revisited the long-standing problem of random walks in the presence of a
quenched Gaussian random potential, a topic that has attracted considerable attention in the past.
Specifically, we analyzed the continuous-time dynamics of a particle performing nearest-neighbor ran-
dom walks on a one-dimensional lattice, where each site x hosts a quenched random potential Ux that
governs the local transition rates. The onsite potentials Ux are assumed to be independent and identi-
cally distributed Gaussian random variables.

We have considered three distinct dynamical scenarios, each characterized by a different dependence
of the transition rates on the onsite potentials Ux: (i) a random-force-like model, (ii) a CTRW with
exponentially distributed waiting times, where the transition probabilities depend on the potentials on
neighboring sites, and (iii) a Gaussian random trap model.

For all three scenarios, we analyzed the statistical properties of five realization-dependent random
variables: (a) the steady-state probability current through a finite chain with N sites, (b) its reciprocal,
representing the resistance of a finite interval with N sites with respect to random transport, (c) the
splitting probability—the probability that a particle starting at site x0 within the interval (0,N) first
reaches the left boundary without ever visiting the right boundary, (d) the mean first-passage time
across a finite interval of length N, and (e) the diffusion coefficient in a finite periodic chain with N
sites.

For all these random variables we have calculated analytically the leading (in the large-N limit)
asymptotic behavior of their moments determining the dependence on the strength of disorder and the
temperature. We have shown that these moments exhibit an interesting super-Arrhenius dependence on
the temperature, which is also quite different depending on the dynamical scenario. Comparing the aver-
aged and the typical behavior we have demonstrated that the moments of the resistance and currents are
supported by atypical realizations of disorder.

For intermediate values of N, we have performed numerical analyses, employing exact numerical
averaging of the formal expressions that define these properties for a given sequence of Ux values.

Further on, we have addressed a conceptually important question whether these transport properties
exhibit self-averaging with respect to different realizations of disorder in the limit N→∞. Capitalizing
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on the derived exact expressions for the moments, we have studied the asymptotic behavior of their rel-
ative variances. We have shown that the probability currents through finite chains and the resistances
of these chains are not self-averaging in the limit N→∞. Interestingly enough, such a lack of self-
averaging appears to be a boundary effect; namely, it stems from fluctuations of one (or a few) sites
close to the boundary, while the contributions coming from the sites in the bulk of chains are self-
averaging.

Concurrently, we have shown that the realization-dependent splitting probability and the realization-
dependent mean first-passage time to a target placed at distance N away from the starting point are
self-averaging in the limit N→∞. Clearly, this result just indicates the trend in the behavior of fluctua-
tions that they become progressively less important the farther is the target away from the starting point.
However, for most of practical applications N is essentially finite and our numerical analysis shows that
for such N fluctuations are quite significant.

Lastly, we have shown that for all three dynamical scenarios the realization-dependent diffusion coef-
ficient in periodic chains with N sites is self-averaging in the limit N→∞. This result is very mean-
ingful because it applies to the dynamics in infinite systems. For finite N the diffusion coefficient also
exhibits essential sample-to-sample fluctuations.

In summary, our results show that even relatively simple Gaussian disorder can have a substantial
impact on transport properties, giving rise to both self-averaging and non-self-averaging regimes. We
expect this classification to extend beyond Gaussian disorder to a broad class of models with finite disor-
der moments, for which standard Central Limit Theorem arguments suggest that the qualitative behavior
remains unchanged. In contrast, a much stronger influence of disorder is anticipated in systems with
heavy-tailed distributions, such as the random trap model with exponentially distributed trap depths
or the Touya-Dean model [9]. In these cases, the relevant realization-dependent quantities may lack
finite moments, leading to dynamics dominated by rare events and a much more severe breakdown of
self-averaging. The investigation of such strongly anomalous regimes constitutes a natural direction for
future work.

Acknowledgements

The authors wish to thank E Agliari, T Akimoto, D S Dean, E Barkai and L A Pastur for helpful dis-
cussions. This project has been supported by funding from the 2021 first FIS (Fondo Italiano per
la Scienza) funding scheme (FIS783—SMaC—Statistical Mechanics and Complexity University and
Research) from Italian MUR (Ministry of University and Research).

Data availability statement

All data that support the findings of this study are included within the article (and any supplementary
files).

Appendix A. Realization-dependent probability current

Consider a finite chain in which we fix the value of the probability Px=0 = P(x= 0, t) = c0 (see
equation (16)) at the site x= 0, and place a perfect sink at the site x= N, such that Px=N =
P(x=N, t)=0. Then, in such a situation the evolution equations (16) become

Ṗ1 =−(W1,0 +W1,2)P1 +W0,1c0 +W2,1P2 ,

Ṗ2 =−(W2,1 +W2,3)P2 +W1,2P1 +W3,2P3 ,

Ṗ3 =−(W3,2 +W3,4)P3 +W2,3P2 +W4,3P4 ,

. . .

ṖN−1 =−(WN−1,N−2 +WN−1,N)PN−1 +WN−2,N−1PN−2 .

(A.1)

Setting next Ṗx = 0 for all x, and solving the resulting linear system of equations recursively, we get
for PN−1:

PN−1 =
W0,1c0

WN−1,NΣN
, (A.2)
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where ΣN obeys

ΣN = 1+
W1,0

W1,2
+

W1,0W2,1

W1,2W2,3
+

W1,0W2,1W3,2

W1,2W2,3W3,4
+

W1,0W2,1W3,2W4,3

W1,2W2,3W3,4W4,5

+ . . .+
W1,0W2,1W3,2W4,3 . . .WN−2,N−3

W1,2W2,3W3,4W4,5 . . .WN−2,N−1
+

W1,0W2,1W3,2W4,3 . . .WN−2,N−3WN−1,N−2

W1,2W2,3W3,4W4,5 . . .WN−2,N−1WN−1,N
.

Respectively, the realization-dependent current to the sink at x= N obeys

jN =WN−1,NPN−1 =
W0,1c0
ΣN

. (A.3)

For the Model I the rates are defined in equations (7), which gives

Σ
(I)
N =

1

ϕ0ϕ1
(ϕ0ϕ1 +ϕ1ϕ2 +ϕ2ϕ3 + . . .+ϕN−1ϕN) . (A.4)

Hence, the realization-dependent current to the sink is given by

j(I)N =
ϕ0W0c0

ϕ1Σ
(I)
N

, (A.5)

from which we find the first expression in equation (21).
For the Model II, the rates obey

Wx,x±1 =
px,x±1

δt
, (A.6)

where the normalized transition probabilities are defined in equation (13). Upon some algebra we
find that ΣN in equation (A.3) for this model is exactly the same as for the Model I, i.e., it obeys
equation (A.4). Consequently, the steady-state realization-dependent current to the sink follows

j(II)N =
ϕ−1

(ϕ−1 +ϕ1)

c0

δtΣ(I)
N

. (A.7)

Supposing, for simplicity, that the potential on the site x=−1 is exactly the same as at the site x= 1,
we get the second expression in equation (21).

For the Model III with the rates given by equation (20), one finds that ΣN is independent of the
depths of the traps and is simply given by

Σ
(III)
N = N , (A.8)

i.e., is not fluctuating. Correspondingly, the steady-state current obeys

j(III)N =
W0c0ϕ2

0

N
, (A.9)

from which we read of the third expression in equation (21).

Appendix B. Realization-dependent splitting probability

In this appendix we derive an explicit expression for the splitting probability E−. We consider a
continuous-time random walk on a finite one-dimensional lattice with sites x= 0, 1, . . . , N, with the
transition rates Wx,x+1 and Wx,x−1 for jumps from the site x to the neighboring sites x− 1 and x+ 1.
Let E−(x0) denote the probability that, starting from site x0, the random walk visits the left boundary at
x= 0 before reaching the right boundary at x= N.

As shown in [79] the splitting probability E−(x) (here, the walk is assumed to start at arbitrary point
x, excluding x= 0 and x= N) satisfies the backward master equation of the form

Wx,x+1

[
E−(x+ 1)− E−(x)

]
+Wx,x−1

[
E−(x− 1)− E−(x)

]
= 0, x= 1, . . . ,N− 1 , (B.1)

which is to be solved subject to trivial boundary conditions :

E−(x= 0) = 1, E−(x= N) = 0. (B.2)
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Equation (B.1) can be conveniently rewritten in terms of finite differences ∆E−(x) = E−(x+ 1)−
E−(x),

∆E−(x) =
Wx,x−1

Wx,x+1
∆E−(x− 1), 1⩽x< N . (B.3)

and solved recursively to give

∆E−(x) = ∆E−(0)
x∏

k=1

Wk,k−1

Wk,k+1
. (B.4)

The above expression yields the following explicit expression in terms of E−(x):

E−(x) = 1+∆E−(0)Σx , (B.5)

in which ∆E−(0) is as yet an undefined parameter and the sum Σx has been introduced in appendix A,

Σx = 1+
x−1∑
j=1

j∏
k=1

Wk,k−1

Wk,k+1
. (B.6)

Lastly, the boundary condition E−(N) = 0 ensures that

∆E−(0) =− 1

ΣN
,

and hence, the general solution for x= x0 reads

E−(x0) = 1− Σx0

ΣN
=

N−1∑
j=x0

j∏
k=1

Wk,k−1

Wk,k+1

1+
N−1∑
j=1

j∏
k=1

Wk,k−1

Wk,k+1

. (B.7)

We note next that the above expression (B.7) can be cast into a compact form in equation (53), where
τ−x0 and τ+N−x0 represent, respectively, the resistances of the intervals (0,x0 − 1) and (x0 + 1,N) from the
left and from the right of the starting point x0:

τ−x0 =
1

Wx0,x0−1

(
1+

Wx0−1,x0

Wx0−1,x0−2
+ · · ·+ Wx0−1,x0 · · ·W1,2

Wx0−1,x0−2 · · ·W1,0

)
,

τ+N−x0 =
1

Wx0,x0+1

(
1+

Wx0+1,x0

Wx0+1,x0+2
+ · · ·+ Wx0+1,x0 · · ·WN−1,N−2

Wx0+1,x0+2 · · ·WN−1,N

)
.

(B.8)

This is done by simply noticing that equation (B.7) can be formally rewritten as

E−(x0) =

N−1∑
j=x0

j∏
k=1

Wk,k−1

Wk,k+1

1+
N−1∑
j=1

j∏
k=1

Wk,k−1

Wk,k+1

=

W1,0 . . .Wx0 x0−1

W1,2 . . .Wx0,x0+1
+ · · ·+ W1,0 . . .WN−1,N−2

W1,2 . . .WN−1,N

1+
W1,0

W1,2
+ · · ·+ W1,0 . . .Wx0,x0−1

W1,2 . . .Wx0,x0+1
+ · · ·+ W1,0 . . .WN−1,N−2

W1,2 . . .WN−1,N

=

(
1+

Wx0+1,x0

Wx0+1,x0+2
+ · · ·+ Wx0+1,x0 . . .WN−1,N−2

Wx0+1,x0+2 . . .WN−1,N

)
/(

W1,2 . . .Wx0,x0+1

W1,0 . . .Wx0,x0−1
+ · · ·+ Wx0,x0+1

Wx0,x0−1
+ 1+

Wx0+1,x0

Wx0+1,x0+2
+ · · ·+ Wx0+1,x0 . . .WN−1,N−2

Wx0+1,x0+2 . . .WN−1,N

)
(B.9)
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and then factoring out the common product W1,0 · · ·Wx0,x0−1/W1,2 · · ·Wx0,x0+1 from both numerator
and denominator.

Consider next the model-specific forms of the splitting probability E−(x0).
Model I. Using the general expressions derived in appendix A, we have that the resistances of the

intervals from the left and from the right from the starting site x0 attain the following forms:

τ−x0 =
1

ϕ2
x

(ϕx0ϕx0−1 +ϕx0−1ϕx0−2 + · · ·+ϕ1ϕ0) ,

τ+N−x0 =
1

ϕ2
x0

(ϕx0ϕx0+1 +ϕx0+1ϕx0+2 + · · ·+ϕN−1ϕN) ,

(B.10)

where ϕx is defined in the main text. This gives for the Model I the following expression

E(I)− (x0) =
ϕx0ϕx0+1 +ϕx0+1ϕx0+2 + · · ·+ϕN−1ϕN

ϕ0ϕ1 + · · ·+ϕN−1ϕN
=

Hx0,N

H0,N
. (B.11)

Model II. In this case the resistances admit the following form

τ−x0 =
ϕx0+1 +ϕx0−1

ϕx0+1ϕx0ϕx0−1
(ϕx0ϕx0−1 +ϕx0−1ϕx0−2 + · · ·+ϕ1ϕ0) ,

τ+N−x0 =
ϕx0−1 +ϕx0+1

ϕx0−1ϕx0ϕx0+1
(ϕx0ϕx0+1 +ϕx0+1ϕx0+2 + · · ·+ϕN−1ϕN) .

(B.12)

Noticing that the multipliers (ϕx0−1 +ϕx0+1)/ϕx0−1ϕx0ϕx0+1 cancel each other, we find that also for the

Model II the splitting probability E(II)− (x0) obeys equation (B.11).
Model III. For the random trap model the transition rates are symmetric and hence,

τ−x0 =
x0
ϕ2
x0

, τ+N−x0 =
N− x0
ϕ2
x0

. (B.13)

Consequently, we find that E(III)− (x0) is independent of disorder (i.e., it is not a fluctuating property) and
obeys

E(III)− (x0) = 1− x0
N

. (B.14)

Appendix C. Realization-dependent diffusion coefficient

In this appendix, we present the derivation of our expressions for the realization-dependent diffusion
coefficients in the Models I, II and III (see equations (70), (77) and (86)) taking advantage of the gen-
eral result due to Derrida [4] for random walks in periodic one-dimensional systems with arbitrary fixed
transition rates.

Derrida’s result. For completeness, we present below the Derrida’s general result for the realization-
dependent DN for random walks evolving in a continuous time on a finite periodic chain with N sites
with arbitrary fixed transition rates Wx,x±1. As shown by Derrida [4], the realization-dependent diffusion
coefficient in such a setting has the following form

DN =
1(∑N

n=1 rn
)2
(
V

N∑
n=1

un

N∑
i=1

i rn+i +N
N∑

n=1

Wn,n+1 un rn

)
−V

N+ 2

2
, (C.1)

where the functions un and rn are defined as

un =
1

Wn,n+1

1+ N−1∑
i=1

i∏
j=1

(
Wn−j+1,n−j

Wn−j,n−j+1

) , (C.2)

rn =
1

Wn,n+1

1+ N−1∑
i=1

i∏
j=1

(
Wn+j,n+j−1

Wn+j,n+j+1

) , (C.3)
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while V is the mean (averaged over thermal noise) velocity for a given realization of disorder :

V=
N∑N
n=1 rn

[
1−

N∏
n=1

(
Wn+1,n

Wn,n+1

)]
. (C.4)

Model I. For the Model I the transition rates are defined in equation (7). Using this definition, we
find

N∏
n=1

Wn+1,n

Wn,n+1
=

N∏
n=1

ϕ2
n+1

ϕ2
n

= 1, (C.5)

which implies that the mean realization-dependent velocity for this model is exactly equal to zero, as it
should.

We proceed to compute the quantities needed for the evaluation of the diffusion coefficient. The first
is rn, which becomes

rn =
1

W0

ϕn+1

ϕn

1+ N−1∑
i=1

i∏
j=1

(
ϕn+j

ϕn+j−1
·
ϕn+j+1

ϕn+j

)
=

1

W0

ϕn+1

ϕn

[
1+

ϕn+2

ϕn
+

ϕn+2ϕn+3

ϕnϕn+1
+ · · ·+ ϕn+N−1ϕn+N

ϕnϕn+1

]
=

1

W0

1

ϕ2
n

(ϕnϕn+1 +ϕn+1ϕn+2 + · · ·+ϕn+N−1ϕn+N) =
1

W0

1

ϕ2
n

H0,N, (C.6)

where H0,N is given in equation (23). Further on, from equation (C.6) we have that

N∑
n=1

rn =
1

W0
H0,N

N∑
n=1

1

ϕ2
n

=
1

W0
H0,NK0,N, (C.7)

where we used the shortening

Kn,n+N ≡
N−1∑
i=0

1

ϕ2
n+i

= K0,N . (C.8)

Next, we calculate un by substituting the rates into equation (C.2) which gives

un =
1

W0

ϕn+1

ϕn

1+ N−1∑
i=1

i∏
j=1

(
ϕ2
n−j+1

ϕ2
n−j

)
=

1

W0

ϕn+1

ϕn

[
1+

ϕ2
n

ϕ2
n−1

+
ϕ2
nϕ

2
n−1

ϕ2
n−1ϕ

2
n−2

+ · · ·+
ϕ2
n · · ·ϕ2

n−N+2

ϕ2
n−1 · · ·ϕ2

n−N+1

]
=

1

W0
ϕnϕn+1

N−1∑
i=0

1

ϕ2
n−i

=
1

W0
ϕnϕn+1K0,N. (C.9)

Lastly, upon some algebra, we find that

N∑
n=1

Wn,n+1unrn =
N∑

n=1

ϕn

ϕn+1
·ϕnϕn+1K0,N · 1

W0

1

ϕ2
n

H0,N

=
N∑

n=1

K0,N · 1

W0
H0,N =

N

W0
K0,NH0,N. (C.10)

Combining all the above results, we obtain the following expression for the realization-dependent diffu-
sion coefficient in the Model I:

D(I)
N =

N(∑N
n=1 rn

)2
(

N∑
n=1

Wn,n+1unrn

)
=

N(
1
W0

H0,NK0,N

)2 · N

W0
K0,NH0,N

=
W0N2

H0,NK0,N
, (C.11)

which is exactly the expression (70) in the main text.
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Model II. In this dynamical scenario with randomized stepping-times, the transition rates Wx,x±1 =
px,x±1/δt, where px,x±1 are the transition probabilities of an auxiliary random process that obey
equations (11) and (13). Firstly, we notice that

N∏
k=1

pk,k−1

pk,k+1
=

N∏
k=1

ϕk+1

ϕk−1 +ϕk+1
· ϕk−1 +ϕk+1

ϕk−1
=

N∏
k=1

ϕk+1

ϕk−1
= 1 , (C.12)

which signifies that the mean realization-dependent velocity is exactly equal to zero, as it should.
Next, we evaluate rn:

rn =
1

pn,n+1

1+
N−1∑
i=1

i∏
j=1

pn+j,n+j−1

pn+j,n+j+1

=
ϕn−1 +ϕn+1

ϕn−1

1+
N−1∑
i=1

i∏
j=1

ϕn+j+1

ϕn+j−1


=

ϕn−1 +ϕn+1

ϕn−1ϕnϕn+1
Hn,n+N =

(
1

ϕnϕn+1
+

1

ϕnϕn−1

)
H0,N. (C.13)

Summing the above expression over n we find:

N∑
n=1

rn =
N∑

n=1

(
1

ϕnϕn+1
+

1

ϕnϕn−1

)
H0,N = 2H0,NQ0,N , (C.14)

with

Qn,n+N ≡
N−1∑
i=0

1

ϕn+iϕn+1+i
= Q0,N . (C.15)

Next, for un we find

un =
1

pn,n+1

1+
N−1∑
i=1

i∏
j=1

pn+1−j,n−j

pn−j,n−j+1


=

ϕn−1 +ϕn+1

ϕn−1

1+
N−1∑
i=1

i∏
j=1

ϕn−j+2

ϕn−j +ϕn−j+2
·
ϕn−j−1 +ϕn−j+1

ϕn−j−1


= 2ϕnϕn+1Q0,N. (C.16)

Lastly, we evaluate the sum

N∑
n=1

pn,n+1unrn =
N∑

n=1

ϕn−1

ϕn−1 +ϕn+1
· 2ϕnϕn+1Q0,N · ϕn−1 +ϕn+1

ϕn−1ϕnϕn+1
H0,N

= 2NH0,NQ0,N. (C.17)

Combining the above expressions, we find the following compact result for the realization-dependent
diffusion coefficient in the Model II :

D(II)
N =

N(∑N
n=1 rn

)2 N∑
n=1

pn,n+1unrn =
N

(2H0,NQ0,N)2
· 2NH0,NQ0,N

=
N2

2H0,NQ0,N
, (C.18)

which is our equation (77) in the main text.
Model III. In the Gaussian random trap model the transition rates obey equation (20). It is straight-

forward to verify that the product

N∏
n=1

Wn+1,n

Wn,n+1
=

N∏
n=1

ϕ2
n+1

ϕ2
n

= 1 , (C.19)

which implies that the mean velocity for this model is also equal to zero for any realization of disorder.
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Next, for the quantity rn we find

rn =
1

W0

1

ϕ2
n

1+ N−1∑
i=1

i∏
j=1

(
ϕ2
n+j

ϕ2
n+j

)=
1

W0

N

ϕ2
n

, (C.20)

and consequently,

N∑
n=1

rn =
N∑

n=1

1

W0

N

ϕ2
n

=
N

W0
K0,N . (C.21)

Next, we have that un obeys

un =
1

W0

1

ϕ2
n

1+ N−1∑
i=1

i∏
j=1

ϕ2
n−j+1

ϕ2
n−j


=

1

W0

1

ϕ2
n

[
1+

ϕ2
n

ϕ2
n−1

+
ϕ2
nϕ

2
n−1

ϕ2
n−1ϕ

2
n−2

+ · · ·+
ϕ2
n · · ·ϕ2

n−N+2

ϕ2
n−1 · · ·ϕ2

n−N+1

]
=

1

W0

N−1∑
i=0

1

ϕ2
n−i

=
1

W0
K0,N. (C.22)

Lastly, we get

N∑
n=1

Wn,n+1unrn =
N∑

n=1

W0ϕ
2
n ·

1

W0
K0,N · 1

W0

N

ϕ2
n

=
N2

W0
K0,N. (C.23)

Combining all the above expressions we find from equation (C.1) the following expression for the
realization-dependent diffusion coefficient in the Model III:

D(III)
N =

N(∑N
n=1 rn

)2
(

N∑
n=1

Wn,n+1unrn

)

=
NW2

0

N2K2
0,N

· N
2

W0
K0,N =

W0N

K0,N
, (C.24)

which is the expression (86) in the main text.
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