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Energy scale vs. length scale
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A rotary motor: ATP synthase

YASUDA ET AL., 2002

ATP

Synthase

ATP




A rotary motor: ATP synthase

YASUDA ET AL., 2002
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A processing motor: kinesin

FEHR, ASBURY AND BLOCK, 2008



A signalling network

MA, BUER AND ZENG, 2004



Passive catalysis

Formalism developed in a simple case

- Enzyme E catalyzing the isomerization:

ki 2
A+E=FE =B+E
ky o kg
- Define €* = e+ — ¢
- Ratios of reaction rates:
@ _ o~ (" —en)/knT ﬁ _ o —ea)kaT
ky ky

- Therefore

ki‘rk;r — e*(EBffA)/kBT
ki ko



Passive catalysis

- Set
kii_ = W1 67(6*76A)/kBT kl_ = W1

ki = ws ky = wy e (¢ —e)/knT

- Rate equations (average):

) e
10 _ e - i)
T ke tema) + k5 (E10B) - (7 +45) B

- Production of B-molecules vanishes at equilibrium:

[B] _ kky _ o—(ee—ea)/knT

Al ki ky

[A} e*GA/kBT _ [B} e*GB/kBT



Master equation

Beyond the rate equations:

- Number of B-molecules synthesized: n
- Enzyme free (0) or bound (1)
- Chemostats fix [A] and [B]
- Master equation for p;n, i € {0,1}, n € Z
dpon
de

dpln
dt

= ki pin + k3 p1n—1 — (kI [A] 4 k3 [B]) pon

= kT [Al pon + k3 [B] po,nt1 — (ki + k3 ) pin



Non-equilibrium steady state

Chemostat [A] and [B] away from the equilibrium values:
[A] e—eA/kBT ;é [B] e—eB/kBT

Free-energy imbalance:

ki ks [A]
AG = eg — kpT'log[B] — (ea — kT log[A]) = kT log ——=
ki ks [B]

Steady-state probability of charged enzyme:

kY [A] + Ky [B]
ky — k(A + k3 — Ky [B]

p1 =

Net production rate (cf. rate equation):

d(n) _ Kk [A] — Ky Ky [B]

dt ki —kf[Al + k3 — k5 [B]




Large deviations

Generating function:

+ oo
o (p,t) = Z e“(”+“/2)pa,n(t) a € {0,1}

n=—oo

Evolution equation:

i Yo\ _ Yo — aH/2
dt<\111>_£(2)<\111> z=¢e

)= [~ B+ B), =k + 2k
DTN kFIA 2Ry [B],  —(k + )

U~ et () : largest ev. of £



Large deviations

Distribution function of n: P(n,t) = e t“) J =n/t
0(n) = max (uJ —w(J))

Ev’'s of £(z) depend only on z=2k k5 [A] + 22k k5 [B]
Gallavotti-Cohen symmetry: z — z:

2% ky [B] = 22k kS [A] & p— = AG/ksT —

0(p) = 0(AG/ksT — p)
J(p) = —J(AG/ksT — p)
w(J) —w(=J) = JAG/ksT = S



Active catalysis

Reaction scheme: ATP+A = ADP+P + B

ATP E

Ei=EeATP E;=EeB m+1

m+%

m

“X ADP4+P

E;=EeATPeA

ATP degraded

ot

o—l i«

n n+i n+l

B produced



Rate equations

U8 _ b (Ea) + by 1) - K E)ATP] - k7 [E] )
B _ it (EATP] + 3 (B2 — ki B1] — b [E1 A
el _ it EAIAL + k5 [EADPIIP] — (k7 + k) [E2
{5]:kiwﬂ+hﬂﬂmy—@j+k;mmepmd

Detailed balance:
+
kfi — e_Ae'i/kBT
Ky
ki kS kS kS
ki ky ks kg

AeA = €B — €A

— e~ (Aea+Aentp)/kBT

AenTp = €app + €p — €ATP
i



Generating function

1
a@to ki e /205 + ke 220y — (K [ATP] + ky ) U
1
% = ki [ATP]e#2/2W + ky e~ /2Wy — (ki + kT [A]) ¥y
1
% = ky [Ale" /2 + k3 [ADP][P]e™#2/2Wy — (ky + k) U5
1}
aat?’ ki e'2/2Wy + ki [Ble /2, — (kg + k3 [ADP][P]) U3
0w
I 17
ot Ln®,

The Gallavotti-Cohen symmetry involves the simultaneous change of
B, ph2:

Lz=Q'L]Q
ks ki[B] iz _ kiks [ADPI[P]
k3 ki [A] ki kf [ATP]

o —

—H2



Fluctuation relations

GASPARD, 2005
Chemical Reaction Network:

Environment

S VI X+ Y VA = SV X+ Y VA
Stoichior;etric matrix: ' ’ '
Vi, = (VL)) Vi, €N
V,=V_,—Vi, VT €L
Chemical species: X = (X,), A= (A;)

X, : intermediate A, : chemostatted



Transitions

Elementary transitions:
X x: X -X=4V,
Mass-action law

Rffx = 5X’,X$V,, Q kip H[AT}VL)

X°X° -1 X°-V9,+1
XH(Q o 0 )

[ea

Master equation:

d
px = Z Z R xpx — X/gpr} = (Lp)x

e=+1 p

Steady state p**(X) (not trivial to evaluate)

14



Average entropy production

Entropy of a state px:
S(P)=>_SO(X)px —ks Y pxlogpx
X

X
“internal” Shannon
Total average entropy production:
gtot _ S _ dS®
de de
Jo(X3t) = R, xpx — Rcpx:
Rp ’ 4
Ap(X;t) = kp log ~XXPX
RX’XpX
ds® 1 Heser
5 > SO(X)T,(X;t) 3 > (X t) log XX
X,p X,p X'X
advection Heat flow Q/T

: 1
st =2 > J(Xt)A(X;t) >0
X,p



Fluctuation relation

- Trajectory:

X = (X(t)) = (Xo,to) i) (X1,t1) & % (Xnvtn) — it

- Time-reversed trajectory X
- Probability density of a path P(X)
- Detailed fluctuation relation:

,P(X‘XO) o - RXk:Xk—l

X _ oQ(X)/knT
P(X‘Xf> k=1 RXk—IXk

- Q/T # —AS® because of the advection term
- Integral fluctuation relation:

P(X) _ (0(X)-AS(X))/ksT

P(X)
- AS cancels the advection term...

Thus

<e—(Q—AS>/kBT> —1
16



Generating function

Define
Uy (ust) = /dX PH(X) ox (1) x e HQX)/ksT

it satisfies

Ux(p;to) = px

I

ov R

5 —EDx2 D (RXPX> R
X'X

P X' (#£X)

Therefore

U ~ e t0W)
t—o0

where
H(IU/) = - IOg AH]&X(E/J.)



Gallavotti-Cohen symmetry

We have of course

o () n ()

which implies the Gallavotti-Cohen symmetry:

P (X)

Pss(X)

O(p) =61 — p)
The large-deviation (Cramér) function w(s) is defined by
" etuls @
Prob(Q, t) e , T st
since
/ dQ Prob(Q,t) e HQ/keT — Z\IJX wit) ~ et

we have (if the saddle-point integration can be inverted!)
() = max (6(32) — 15)

and w(s) —w(—s) = —s

-



Simulation of chemical reactions

Chemical reaction rates with a given number of particles:
e - ,
S VKot S VI A S SV X+ ST 4,
Rates for reaction p (= +p):

Ry = 0xr.x1v, Uk, [ 1A

X°X°-1 X°-Vi+1

19



Simulation of chemical reactions

Simulation algorithm: GILLESPIE, 1976, 1977

1. Given the time ¢t number {n,} of all species involved, evaluate
the rates R, of all possible reactions

2. Define R =} and extract the time 7 to the next reaction,
exponentially distributed with average R~!: update ttot + 7

3. Choose the next reaction p"*** with probability R,/R

4. Change the number of the affected species according to the
stoichiometry of the reaction p»¢** and return to step 1

Difficulties:

- The number of possible reactions can become large
- Thus 7 can become too small—simulation sluggish!

- Several tricks have been invented to speed up the simulation, at
some cost in precision

19



Simulation of chemical reactions

# Schlogl model (1972)
FIX: A B

# Reactions

R1l:
A+ {2} X > {3} X
1/2%cl*A*X*(X-1)
R2:
{3} X > A+ {2} X
1/6*%C2*X* (X-1)* (X-2)
R3:
B > X
c3N+EB
R4:
X >B
cé4*X
# Fixed species
A = 100000
B = 200000

# Variable species

X = 250

cl = 3*10%*-7
c2 = 10**-4
c3 = 10**-3
c4 = 3.5

19



Simulation of chemical reactions

Python module: stochpy

-

E

Copy Number

2 8 ¢

g

19



Fluctuation Theorem for molecular motors

GASPARD, 2006; LACOSTE, LAU AND MALLICK, 2008
A model of a molecular motor:

ATP

The motor is kept in a nonequilibrium state by the chemical
imbalance of the ATP = ADP + P reaction:

[ATP]

(earp—€app—ep)/kT
[ADP][P] ak

The “product” is displacement

20



The model

NISHINARI ET AL., 2005 et al.

\/ \/

21



The model

NISHINARI ET AL., 2005 et al.
States:
1: Bound to ATP
2: Bound to ADP or empty

Moves:

Brownian motion: (i,2) 2 (i 4+ 1,2)
ATP binding: (4,2) == (i, 1)

Ratchet: (i,1) — (i +1,2)

( w_

i,2) — (i —1,1)
Hydrolysis: (i,1) 2 (i,2)

Reverse ratchet:

Rates w = {w(f, An)} with a few measurable and 4 adjustable
kinetic parameters, constrained by a thermodynamic relation

21



Application to kinesin

LACOSTE, LAU AND MALLICK, 2008

-6

-4Fe(PN')_2
10° 10' 10° 10° 10*
[ATP] (uM)

Data from SCHNITZER AND BLOCK, 1995
Lines for f = —1.05,—3.59, —5.63pN
Inset: v vs. f for fixed [ATP] 2uM 5uM

22



The phase diagram

LACOSTE, LAU AND MALLICK, 2008

20

v=0
1 [ r=0
10 A
Ap 5 B
! D
5 C—-
~10

v: average velocity r: average ATP consumption rate

Modes: A: ATP consumed, work performed; B: work consumed to
produce ATP

C: ADP consumed to produce work; D: Work consumed to produce
ADP

23



The symmetry

LACOSTE, LAU AND MALLICK, 2008

TA(fn, —Au/2)

=l —0.75 -0.5 —0.25 0

Normalized eigenvalue of L(¢q/kp7yn,—Ap 2kt VS- 1 (parameter of
the generating function) for various values of (fd/kgT, Au/kgT):
(5,0) (dashed), (5,10) (solid), (2, 10) (dotted)

24



Comments

- The Gallavotti-Cohen symmetry appears in the pdf of the fluxes
v, T

P(v,r, T)

n P(—v,—1,T)

~ [(f/kT)v + (Ap/ksT)r]T

entropy production
* The reduced distribution P;(n,t) = > P;(n,y,t) does not
exhibit the symmetry:

TO(fn)

Lack of symmetry hints at the existence of hidden dynamical

variables
25



Information processing

Information processing in the cell:

Copy: Transcription (DNA—RNA), Replication (DNA—DNA)
Translation: DNA—sProteins

tRNA aminoacylation: The “interpreters” of the genetic code are
tRNA, carrying the anticodon on one side and the
corresponding amino acid on the other. Amino acids
are charged by activation enzymes

Sensing: All processes which monitor the envirnoment

“High fidelity” is a requirement

26



Template-assisted polymerization

ANDRIEUX AND GASPARD, 2008, 2009; SARTORI AND PIGOLOTTI, 2014, 2015

Transcription, translation, replication are instances of
template-assisted polymerization

copying machine
template- - -

copy  --- —» elongation speed, v
r rwrwrrrw \3 @0

o
monomer pool %@ ge 5

r: Right residue w: Wrong residue

27



Template-assisted polymerization

General transition network

<+— elongation speed, v

27



Template-assisted polymerization

Examples
No intermediate states, n=0
E] —_— s [/

Proofreading , n=1___

4 i=1 x".
==t
\—‘,—y——/

mRNA translation, n=2

si=1 :=2
[C]—bo—p i [0

elongation speed, v —>»

- Elongation speed v
- Error rate n
- Rate of “right”

incorporations:
v=(1-n)v

- Rate of “wrong”

incorporations: v%¥ = nuv

- Equation for the error n:

27



Reaction rates

Rates: p;; chemical driving, d;; kinetic barrier

A

AEY

AE

AEY
AE!

Dictionary: k — R, T — kT

B

ki = wij exp[(AE] + i +6;)/T]
kii = wijexp[(AE/ + uy)/T]

kf; = wij exp[(AE] + 6;;)/T]

kii = wijexp[AE!/T]

28



Definitions

Definitions:

- Entropy produced per incorporated monomer: AStot
- Entropy produced per wrong incorporated monomer: AStotw

AW = > T2/ v
(i), € {r,w}

AF* = —kgTlog ) e 2F"/keT
(e}

n°d = exp [(-AEY + AF®Y) /kpT]

n 1—n
e +(1—n)10g1_neq

AWY =" T8 /0"
(i)

Dxw(n|n°?) = nlog

29



Main results

In the steady state:

TASY = AW — AF® — kT Dy (n]|7°%) > 0
TASONY — ATV — AF©d — kBTlog %q >0
1

Therefore

n =n%exp [(—AStOt’W + (AWY — Feq)) /k:BT]

Possible copying regimes:

Error amplification: AWY — AF®d > 0 and n > n*
Demon: AWY — AF® < 0and n < 7° (but AW — AF®d > 0
due to right matches)
Error correction: AW™ — AF®4 > 0 and n < n°4, thus

n > T)eq efASmt"w/kB

30



Single-step polymerization machines

Two regimes:

Energetic discrimination: AE = AEY — AEF > §
Kinetic discrimination: AE < §

In energetic discrimination:

- 1> n° (error amplification)

- p monotonically decreases as v decreases, minimum error at
zero dissipation

In kinetic discrimination:
. neq > n > nmin _ e—&/k’BT

- 7 decreases as v and dissipation increases

31



Single-step polymerization machines
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Proofreading

NINIO, HOPFIELD, 1974, 1975

A copying, v,>0 —»
EI | ] elongation
N : 2 4 V=V +,>0

proofre_a-d-iﬁg, Vv, <0 «—

Extra pathway with negative velocity v, < 0 preferentially removes
wrong monomers

32



Proofreading

15 -
B ¥ Error Maxwell Error
10 b orrection demon amplification

S — TASY,
Eﬂ 5k —AWY — AE,
~ L 7ASTV ---------

0 Meg€....... N — T ———

10°% 102 107 MNeq 10°

error, 7

Since s‘;,ot’w >0 and v, < 0 one can show

—AW, + AF*

32



Proofreading

10"
Teq ¢
- 10°

(<]
5 10°

107

0 2 4 6 8 10 12 14
proofreading work, AW, (kgT)

min

R0 o(—0+3p —ABY+AE") /knT

32



Stochastic polymerization dynamics

- State of the growing polymer: rrwr. ..

- State of the machine: i € {1,...,n}

- Intermediate states (with a tentatively matched monomer):
ITWIT; or ITWI'W;

- Copying protocol: network of transitions j — i with rates R;;"

- Discrimination is due to differences in rates

- Probabilities: P(...r), P(...w), P(...r;), P(...w;) satisfying
master equations:

d n+1 d n+1

3 PCoom) = ;}j;j(...) 3 PCoowi) = ;ag(...)

- Currents: J5(...) = Ri; P(...tj) — Rj, P(...1;)

- j=0— j=n+1corresponds to the incorporation of a
monomer

- All transitions are reversible

33



Stochastic polymerization dynamics

- Rates of incorporation:

d n+1

&P(...w):z ) =T W) = T (W)
o= incorporation attempted incorp.

and analog for r
- Assume errors are uncorrelated:

P(..) o™ (1= )N N
- Then
P(...t)=P(..)(1—n) P(...w)=P(...)n
- Assume states i-occupancy p;™" to be independent of (...). Then
P(...ty) =P(...)p; P(...w;)=P(...)pY
-+ Occupation fluxes:

T =N (Bip; — Bip)  J5(.) = P(.)TG/N ;



Entropy production rate

dstet . ZP() o R%pjo.‘
= e >, |J5los| 5 =

N g
—/_'71 (ij),a€{r,w}

et I i AEV
=k @y 1 1— 1 1-
5 B hnT nv<ogn+ k‘BT>+( n)v(og( n+

Thus AS™* per incorporated monomer is given by

1 dstet 1
A tot — —
s v dt T (

AW — AF® — kBTDKL(UH’I]Cq)) Z 0
Entropy production per wrong incorporated polymer:

1 U
tot,w w eq —
AS = = <A WY — AF kBTIOg neq) >0

34



Summary

- ST helps in setting up a unified frame for discussing dissipation
in several biochemical processes

- Several regimes can be exhibited: we discussed no general
“tradeoff” principle

The interplay between speed, dissipation and accuracy has been
addressed in the so-called “uncertainty relations” in ST

35



Thank you!
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