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Recapitulation

- Master equation:

dps !
dt = Z [Rmm’(A)pw’ - Rw’w()‘)pa:] = (‘C/\ p)z
o ()

- Detailed-balance (DB) condition:

RypeF=Ea)/keT _ R o(F—Ex)/ksT

- Properties of the rates:

% — o~ Qura/keT _ eAS<‘)/kB
Rw:v’

- Seifert’s identity:

Pa(z) _ e(AS<">(m)+As)/k:B _ oAiS(@)/kp
Ps(z)

- Jarzynski’s equality:

<e—W/kBT> — o~ AF/ksT

non-eq. eq



Fluctuation-Response relation

Linear response:

- Perturbation of a DB system:

Ey(A\) = E® - X, A2

- Unperturbed distribution: p{¥ = e(F”=E”)/ksT
(4@ =37 Az p?

* Manipulation protocol: A = (A(t)), A(t) small, V¢, A(t) =0, < 0
- Perturbed averages: define §A2 = A2 — (42)®)

t
(6A%) 0y =D 0AZPa(t) = ) A dt’ Xas(t —t') Xs(t)
x B

* Xap(t —t') =0fort' >t (causality)



Fluctuation-Response relation

Correlation functions:

c Coplt—t) =3, 642 6A°, PO (g, t; 2/, 1)

- PO (3, ;0/,¢') = (exp (¢ — #/)L0)) s 2

« Cop(t —t') = Cup(t’ —t) (@ssuming A* to be time-inversion
invariant) (exercise!)

© Capl0) = (542 548)

« im0 Cap(t —t') =0

Fluctuation-Response relation:

Xop(t) = T —Cap(t)




Fluctuation-Response relation

Proof:

- Let Aa(t) = Ao 6(t — t'), then <5Aa>p(t> = Zﬁ Xap(t —t') Ag
- Therefore

. o oL
tim, () =" = p + 3 Aa S22

t—t/+ o
p(t) = exp ((t —t')Lo) p”
- “Perturbed” equilibrium distribution £xp™ = 0

PO = oFA—BL+5 0 Aa AD) kB T
x

Thus o

0L ) Op

p’ + Lo 0

Ma =g Ma [x=o
which implies
0Ly () dlog p™) () 1 @ a () (0
ey gy = A% (A
e |5y’ v AN kBT‘CO( (An )




Fluctuation-Response relation

- Thus, fort > t/,

Xas(t — t') = kBT Z 6A“ exp ((t — 5 )L:o) Eo} - 5Af p;")

18 1 0

Therefore, Vt,
1 d

and by taking the Fourier transform, the fluctuation-response relation

w Cap(w)




Non-equilibrium steady states (NESS)
DB requires that Vz, y, z one has
Ra:yRyszw - RzyRya:Rzz

If this does not obtain, ZE, : Ryy/Rape = e~ Far—Fe)/knT

One can still quite generally have p* satisfying
Zme’p?’ = ZRw’mpZS

Assume that the transition is helped by one (or more!) reservoir:

(r R:L'ac’
AS',M)/ = kg log R
Then o
P(x[z(0) _ 77 Betsnew _ GAS® (2)/ks
P@|2(0)) =5 Rawyae+)




Fluctuation theorem

Choose p,(to) = px(ts) = 0

P(=)

8 p@) =

(As<r> () + ASS) Jks
Total entropy production:
AS™ = AS®) (x) + AS

Summing over all paths x with a given value of AS** yields the
fluctuation theorem:

p(AStOt) _ eAStOt/kB
p(—A5™)

EVANS-SEARLES, 1994, GALLAVOTTI AND COHEN, 1995-6



Comment

- The fluctuation theorem holds for finite times, starting from the
steady state
- Since AS is bounded, but AS®™ grows, we have for large ¢;

AS®t ~ ASO)
- Large-deviation function ¢(s):

p(AStOt) o e—tfd)(AStOt/(k?Btf))

Gallavotti-Cohen relation:

- Generating function:
1
W) =~ log/ds o—te(#(s)+us)
f

s* (W) ' (s")=—p  P(p) =¢(s") + ps”
- Symmetry relation: (LEBOWITZ AND SPOHN, 1999)

[ (u) = p(1 — p) |




Equation for the generating function

- Define

Valpst) = [ D P(@) by 7S/
- Then

8‘1’1 4 Ryig a LS
O (> R )

o ()

- Now
LLS ELS T
* Thus £}5, and £L® have the same spectrum
- But
W, (t) = (exp (tﬁbs) \I/(O))T ~exp (tALS. (1))

- We have

¢(H) = log Aﬁlswx( ) IOg Annx( lu) = 1/’(1 - ,LL)



Housekeeping entropy production

Stationary system:

R,
AS, /ﬂB = log 2z
42 z/ wa/

R P SS SS

= log =~ wp;”s — log p:s

Rmm’px/ pI/

ASBY) /ky  ASEx) kg
N.B.: If detailed balance is satisfied:
Rmm’p?’ = Rm’mpizs

then
ASU =0 vz,



Non-stationary system

Rewrite this section including Hatano-Sasa
r R e’ Rmz’pw’ Dz’

ASY, Jkg =1lo =1lo —log 2

/ " s Ry s Ryraps s Dz
———— ——

AS [kp  —AS, .1 /kp

<St0t> - ka Z (Ryz'prr — Ryrapy) log Rywi o

2 " Rm’;ﬂpx
- J’ET’
: X
R SS
sz/ _ 1og ] P;/ +1lo DPa’ pz
Ryr2ps; DaDy
————

X(hk (ad.)) X(u.ad.)

($) = = Z T X2 4 2 Z o X254

<S(hk)>20 <S’(n.ad.)>20




Average housekeeping heat

<S(hk)> — kg Z ’ZRz/mlog gyzp:z:

o (Fr) @ il
R 0 pSS
= ks Z waby = Roorpy) log 75— 5 > 0
e TIL pg;'

We also have

P(a) e~ A5 @ ke = pos (g H = <p>

SS SS
pwk 1 pwn

which implies the integral fluctuation theorem

<e‘AS(hk)/’fB> =1
<e_AS(n.ad)/kB> -1

One also has



Changing steady states

Parameter-dependent steady state:

Rr/r()‘) — pics(A)
(EAp* V), = Y [Raw(WPE(N) — R
o' (#x)

ASE = AGtot _ AS(hk)

Manipulating the steady state:

8743

()

SS

Dy

(M =0

A=A1E) A0 =Xy Altr) =X

Pa(x) = Pa(x|z(0))p7 (Ao)

1



The excess entropy production

D (N) = —log p™(x, \)
ASEI(N) = — (¢ (A) — 62(N))

ZASM L (A(t))
:_Z ¢lk djlk 1( ( ))]

= _(bivf + Z ¢wk thrl ¢9:k ()‘<tk)>] +¢€Eo ()\(to))
k=0

A(x)
=—-A¢+ A(x)

At @) = 3 [0 Mtks1)) = 6 (1)) = [ dt 30 rdn (AE)
k=0 to



The Hatano-Sasa relation

HATANO AND SASA, 2001
Relation analogous to Jarzynski’s for manipulated steady states out
of equilibrium
- Manipulate \x X = (A(¢)), t € [to, t]
- Initial condition:
pa(to) = P (Ao)

- Then
<e*A> =1



Proof

Define
\le(t) = /D.’B 6w(t),;r e*A(t,m) P(ZC)
Then
V2 (to) = Py (Mo)
(‘C)\)zz/ = Rzz/()\) - Z Rya: (51;1/,/
Yy
d .
G V(1) = (Lrxn®), = Arda(M(2)) Ta(?)
Ansatz:
() = e~ = pT(A(2))
Then
d .
7 V=) = (Lrxnp™ (A1), —Adagx(A(E)) e~ #- )
—

0
(e =T, =) pP(\t) =1
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Experimental test of the Hatano-Sasa relation

TREPAGNIER ET AL., 2004
A Brownian colloidal particle dragged at constant speed by an
optical tweezer

p(x;v)

p*(z;v) o exp[—(kz 4+ Yv)?/(2k kpT)]



Experimental test of the Hatano-Sasa relation

TREPAGNIER ET AL., 2004
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Characterizing active systems

- In a system at equilibrium at temperature T one has the
Fluctuation-Response relation

Im ¥(w) = u;:'B((;)

- In an active system there is a non-vanishing entropy-production
rate, given on average by

- 1
Stot = 3 Z 2 log
A Tl

Rx’m
wa’

- We thus have two possible strategies for checking if a system is
active:
1. By checking the Fluctuation-Response relation (which requires
measuring the response)
2. By evaluating the entropy production

16



Non-equilibrium FR relation

PROST ET AL., 2009

- Small variations 6\ of the control parameter around A(©
- Up to 2nd order in

Oty =3 / " dt GAs(t) (On, Blt:) Dr, B(E))
g “to

- But
(02 0(t0)) = (02, 60®)) + 3 (00, 02,0(X?) ) IAstr)
B

- Integrating by parts one obtains the FR relation:
(Or. 9(te)) Z/ dt’ xap(te —t') 0As(t)

with
d
Xep(t—t) = - <3Aa¢x<t>(A(°)) O ¢z<t'>(A(0’)>



The Hair-Cell bundles

Elastic cartilages

Auditory ossicles

Round window
Auditory tube
Oval window

Tympanic cavity
External acoustic meatus Tympanic membrane

The Anatomy of the Ear



The Hair-Cell bundles

1,500 Hz

cochlear duct

basilar
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The Hair-Cell bundles
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The Hair-Cell bundles




The Hair-Cell bundles
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Non-equilibrium FR relation in the Hair-Cell bundle

DINIS ET AL, 2012
Dynamical system: z: hair-bundle deflection, y: force due to active
process, wg: spontaneous oscillation frequency

0-(20-6)-6)

A
Conjugate variables (X,Y):

X
=" = (7
Y —~— Yy
ss correlation
y is not directly observable...
Recast dynamics in terms of # and z = ywy — rz such that when
fm =0

d—x—z—i—
a Nz

19



Non-equilibrium FR relation in the Hair-Cell bundle

DINIS ET AL., 2012
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Non-equilibrium FR relation in the Hair-Cell bundle

DINIS ET AL., 2012

- Black: denoising of z

- Red: estimation of C,.(w) 0 — gcxx((w)) 1
Xx x W

- Blue: estimation of y by max prob
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Entropy production in the steady state

- Total entropy production:
AS*t = AS®) L AS

- By Gallavotti-Cohen, Seifert etc.:

ASt — /Dm {Q;;c) + kg (1ogp§f(7—) - logpsl’.s(o))] P%(x),
- Thus
P=(=) o~ (Q@)/knT+ogp, —logps,) _ (AS* (@)

Pss(z)
- Therefore

PSS(m)
Po(@)

Statistics on P () is hard to obtain...

AStot — kB/Dm P (x) log = kg D1 (P*(z)||P*(2))

20



Arrow of time in the Hair-Cell bundle

ROLDAN ET AL., 2018
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Summary

- Fluctuation relations in systems without DB

- Generalization of link dissipation-irreversibility
- Generalization of FR relations

- Generalization to manipulated NESS

Questions:

- When do we decide if a system is active?
- What about feedback? (Demons!)

22



Thank you!
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